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Abstract 
 

In this paper, a fractional-order sliding mode controller for 
a DC laboratory velocity servo system is established. First, 
the permanent magnet DC motor is identified through step 
response data. Then, a fractional-order sliding mode 
controller based on a fractional-order sliding surface is 
constructed. The experimental results demonstrate the 
performance of the proposed non-integer sliding mode 
controller in both command following and load disturbance 
rejection.   

  
1. Introduction 

 
Direct Current (DC) motors have been widely used in 

industrial applications due to their reliability and simple 
modelling. Permanent Magnet DC (PMDC) motors could be 
utilized as actuators in control loops and robot manipulators. A 
lot of control strategies have been proposed in the literature to 
construct position or velocity servo systems based on DC 
motors. Position tracking of a DC motor by an adaptive 
Proportional-Integral-Derivative (PID) controller implemented 
on a Field-Programmable-Gate-Array (FPGA) chip has been 
performed [1]. State and output feedback based adaptive fuzzy 
controller was utilized to control position of DC motors [2]. 

The simple structure and robustness of sliding mode 
controllers has made them as popular choices to control real 
plants [3]. Thus, these controllers have been employed in DC 
motor servo systems. In [4], a sliding mode controller has been 
utilized to control a DC servo mechanism with unmodeled stator 
and sensor dynamics. Fuzzy model based sliding mode 
controller has been employed in this regard, too [5]. Two 
different sliding mode approaches for angular position tracking 
of a DC motor have been provided based on the Slotine’s and 
Utikn’s works [6]. A discrete sliding mode controller with 
disturbance compensation has been proposed to control a 
velocity servo system [7]. 

On the other hand, fractional-order controllers have made a 
major contribution in modelling and control of real plants [8]. 
Fractional-order Sliding Mode Controller (FO-SMC) as the non-
integer version of ordinary sliding mode controller is one of 
these controllers. The performance of the sliding mode 
controller for multi-input multi-output nonlinear systems has 
been improved through the mentioned FO-SMC [9]. In a 
recently published work, the fractional-order sliding surface was 
utilized for robust control of perturbed integer-order Linear-
Time-Invariant (LTI) systems [10]. Due to this non-integer 
sliding surface, the chattering phenomenon was significantly 
reduced. The efficiency of FO-SMC for velocity control of a 
permanent magnet synchronous motor [11] and position control 
of a DC motor has been verified [12].  

In the current paper, a permanent magnet DC motor is 
modeled through a parametric identification approach. Then, a 
fractional order proportional integral (FO-PI) sliding surface is 
considered to attain a fractional order sliding mode controller. 
Then, the armature voltage is determined to guarantee the 
reaching condition in this FO-SMC structure. The designed 
controller is applied to a real modular servo mechanism system 
through an Advantech hardware interface. The experimental 
results in MATLAB Real-Time toolbox are given to show the 
speed tracking efficiency of the proposed method in the 
presence of external load disturbance.  

The outline of this paper is given as follows. The 
mathematical model of the DC motor is given in section 2. 
Section 3 introduces a brief review on preliminary concepts in 
the fractional calculus. The proposed FO-SMC for velocity 
control of DC motor is illustrated in section 4. Experimental 
results are provided in section 5. Finally, section 6 concludes the 
paper.  

 
2. Mathematical model of DC motor 

 
In this paper, a permanent magnet DC (PMDC) motor is 

considered. This means that the field current is constant and the 
electric torque ( ( )eT t ) is only proportional to the armature 
current ( ( )ai t ). Or: 

 
 ( ) ( )e m aT t k i t=    (1) 

 
where mk  is the permeability constant of the magnetic material.  
The armature current ( ( )ai t  ) and the applied armature voltage 
( ( )av t  ) are related to each other through the following relation 

 

 ( )( ) ( ) ( )a
a a a a b

di tv t R i t L v t
dt

= + +    (2) 

 
where aR  and aL  are the armature resistance and the armature 
inductance, respectively. Moreover, ( )bv t  is the back-
electromotive force voltage related to the motor angular velocity 
( ( )tω  ) according to the following expression 

 
 ( ) ( )b bv t k tω=    (3) 

 
where bk  is the back-electromotive force coefficient. The 
following relation between the electric torque ( ( )eT t ) and the 
motor shaft speed ( ( )tω ) could be written 
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 ( )( ) ( ) ( )e L
d tT t J B t T t

dt
ω ω= + +    (4) 

 
where J  is the moment of the inertia, B  is the damping 
coefficient and ( )LT t  is the load torque. The transfer function 
for armature controlled DC motor ( ( )G s  ) with input ( )av t   and 
output ( )tω  is obtained according to relations (1), (2), (3) and 
(4) (considering ( ) 0LT t =  ) as follows 

 

 ( )( )
( ) ( )( )

m

a a a b m

s kG s
V s L s R Js B k k
ω= =

+ + +
.   (5) 

 

Neglecting the armature time constant ( a
a

a

L
R

τ =  ), yields the 

following approximated version of the transfer function (5) 
 

 ( )( )
( ) 1a

s kG s
V s s
ω

τ
= =

+
   (6) 

 
where 

 

 ,m a

a b m a b m

k R jk
R B k k R B k k

τ= =
+ +

.   (7) 

 
The parameters of the first-order transfer function (6) could 

be estimated through a parametric system identification 
approach. 

 
3. Brief review on fractional calculus 

 
Fractional calculus deals with the generalization of ordinary 

derivative and integral operators to their corresponding non-
integer ones. The popular Caputo definition for the fractional 
order derivative of an arbitrary function ( )f t   is given by [8] 

 

 10

1 ( )( ) , ( 1 )
( ) ( )

nt

n

fD f t d n n
n t

ρ
ρ

τ τ ρ
ρ τ + −=           − < ≤

Γ − −∫   (8) 

 
where ρ   is the fractional order, (.)Γ  denotes the Gamma 

function, and n  is an arbitrary integer number. If 1ρ = , then 
the ordinary derivative will be obtained. 

To implement fractional order controllers, several methods 
have been proposed in the literature. Approximating these 
operators with high order integer transfer functions is one of 
these methods [13]. The “Ninteger” MATLAB toolbox 
constructed based on this idea is utilized here to implement 
fractional order derivatives and integrals [13].  

 
4. Fractional-order sliding mode controller design 

 
To design FO-SMC, a fractional order sliding surface and an 

appropriately control signal are designed so that the state 
trajectories reach to the sliding surface and remain on it. Let to 
define the speed error ( e ) as  

 
 re ω ω= −    (9) 

 

where rω  is the constant command speed. According to 
relations (6) and (9), the following speed error dynamic is 
obtained 

 

 ( )r
a

de e k v t
dt

ω
τ τ τ

= − + − .   (10) 

 
Now, the following fractional-order sliding surface is chosen 

 
 s e cD eα−= +    (11) 

 
where c  is a positive constant determinates the sliding speed 
and α  is the fractional order belongs to (0,1] . If 1α = , then 
ordinary sliding mode controller is obtained. Increasing the 
value of c  could increase the sliding speed of state trajectories 
through sliding surface to zero. To ensure the reaching 
condition, the following inequality should be satisfied 

 
 0ss < .   (12) 

 
The following theorem gives the control signal ( ( )av t ) 
satisfying the reaching condition (12). 
Theorem 1: the reaching condition (12) is fulfilled if the 
armature voltage is chosen according to the following equation 

 

 1( ) ( )r
a

e c Fv t D e sgn s
k k k k

αω τ τ−= − + +    (13) 

 
where F  is an arbitrary positive constant and (.)sgn  is the sign 
function defined as 

 

  sgn( )
x

x
x

= .   (14) 

 
Proof: differentiating sliding surface equation (11) yields 

 
 1s e cD eα−= + .   (15) 

 
Substituting relations (10), (13) and (14) into (15) gives 

 
 sgn( )s F s= − .   (16) 

 
According to (14) and (16), the left side of inequality (12) 
becomes 

 
 ss F s= − .   (17) 

 
It is obvious that the right side of expression (17) is negative. 
Thus, the proof is completed. 
The parameter F could determine the reaching speed.  The next 
section shows the ability of the so-designed FO-SMC in velocity 
control of a DC servo motor.  

 
5. Experimental results 

 
The DC modular servomechanism system components are 

shown in Fig.1. A permanent magnet DC motor coupled with a 
tachometer to measure angular velocity are utilized. An 
Advantech A/D and D/A interface is used for hardware 
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implementation of the FO-SMC in MTLAB real time 
environment. A magnetic brake is considered as an external load 
disturbance.  

 

 
Fig. 1. The DC modular servomechanism system 

 
 

 
Fig. 2. The angular velocities obtained with sign and saturation 

functions  
 

The corresponding parameters for the first-order plant 
transfer function (6) are estimated through its step response. The 
steady sate gain k  and the time constant τ  are equal to the 
steady state and the time constant of the DC motor unit step 
response, respectively. The obtained parameters are 

 
 3.45, 0.1k τ=      = .   (18) 

 
The sign function in control signal (13) could be replace with 
the following saturation function to decrease the chattering 
phenomenon in sliding mode control structure. 

 

  
( )

( )
sgn x x

sat x x x

λ

λ
λ

⎧ >
⎪= ⎨

<⎪
⎩

   (19) 

 
where λ  is a boundary layer considered around the switching 
surface to decrease the chattering effect. It could be easily 
investigated that the reaching condition is satisfied in this case, 
too.  

 

 
Fig. 3. The control signals obtained with sign and saturation 

functions 
 

 
 

 
Fig. 4. The load disturbance effect on angular velocity 

 
The sliding mode parameters are chosen as 20, 25, 1F c λ=  = = .  
Moreover, the optimal value of the fractional order is obtained 
based on minimization of the following performance index. 

 

  2

0
( )

T
J e t dt= ∫    (20) 

 
where T  is the settling time. Due to this optimization approach, 

0.85α = is obtained. The reference velocity is considered as 
1000r RPMω =   in all tests. Fig. 2 compares the effect of the 

sign and saturation functions in sliding mode controller 
structure. As could be seen from Fig. 2, the chattering 
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phenomenon is significantly reduced by the saturation function. 
The corresponding control signals shown in Fig. 3 confirm this 
fact, too. To investigate the load disturbance rejection capability, 
the magnetic brake is applied in 0.7 sect =  . Fig. 4 shows that 
the effect of load disturbance is quickly eliminated.  

 
6. Conclusions 

 
Incorporating fractional order integrator in sliding surface 

dynamic converts the sliding mode controller to its fractional-
order version. The performance of this FO-SMC scheme is 
verified through experimental tests applied to a laboratory 
PMDC motor. The load disturbance rejection and reference 
velocity tracking capabilities makes the proposed method as a 
good choice for the mentioned speed servo mechanism system. 
Employing fractional-order adaptive sliding mode controller in 
DC speed servomechanism could be considered as a future work 
in this area. 
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