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Abstract

Our paper deals with description of the Contact center parts
by mathematical models and prediction of traffic in the
Contact centers. This knowledge is useful issue during design
of the Contact center. The model of the Contact center is one
of the options how we can estimate the traffic and important
parameters of Contact center. In our work we deal with the
description of the Contact center components by use of
Erlang formulas and Markov models.

1. Introduction

The public contact today is the must for almost every
enterprise or organization. Availability of simple, fast and
comfortable contact with the clients, customers or trade partners
is the crucial need in the competitors fight.

Contact center is one of many other ways how the institution
is able to provide all its communication requirements towards
clients and partners. Contact center is structured communication
system consisting of human and technological resources, which
improves the communication between organization and
customers. It is software and hardware upgrade of private branch
exchange which is primary medium for call access to
organization. It combines telephone processes and data
processing to achieve the most effective business transactions.

At the heart of Contact center there is Automatic Call
Distribution (ACD) module. ACD is responsible for the correct
and efficient routing of all types of requests (voice calls, e-mails,
etc.) from their arrival to the Contact center until they are
served.

2. Contact Center Model

Each component of ACD system can be more or less
precisely converted to a mathematical model. Since the ACD
systems usually handle large amount of requests per time unit,
the most of these models are based on statistical principles. The
accuracy of results lies in correct model selection. Also the
precise description of input parameters and variable
dependencies can significantly affect them as well.

2.1. Model of input traffic

The rate of arriving calls (or other requests) per time unit can
be considered as random variable. Contact center’s goal is to
provide its services to wide range of customers therefore we can
assume that the requests population is unlimited. Once the
population is unlimited, we can regard the ACD system as
queuing system with unlimited requests population [1], [2].
Each request arriving to Contact center originates randomly and

independently from each other requests. The events (calls) are
independent from the mathematical point of view if for any
arbitrary set of requests Aj, A,, ... A, and arrival probabilities in
selected time interval P(A;), P(A,), ..., P(A,) we have [3]:

P(ﬁAl.) :f[P(Ai). 4}

So the arrival probability of » requests during the same time
interval equals to conjunction of individual requests arrival
probabilities for given interval.

It is obvious that the arrival rate of calls can obtain only
limited number of values, so it is adiscrete variable. Any
random variable can be described by the probability density
function. Discrete random variable X with values x can be
described by the formula:

f(x)=P(X =x). )

It is obvious that Z f(x) =1, where H is the set of all
xeH
values the random variable X can obtain.

The mean and variance are also important characteristic of
random variables. Let random variable X has values x;, ..., x,
with corresponding probabilities py, ..., p,. Then mean is defined
as:

E(X) =2 xp,. )
i=1
and variance as:
D(X) = (x, —EX)) p,. @
i=l

Incoming requests into queuing system are mostly modeled
by Poisson distribution [2], [3]. Following formulas define its
probability density function, mean and variance

A
pk=f(k)=P(X=k)=Ee‘, 5)

E(X)=4, (6)
D(X)= A4, (7
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where A represents the average number of requests per time
unit.

The inter-arrival time is also very important variable as well.
Since the arrival rate is random variable the inter-arrival time
must be random variable as well. Based on the independence of
each request the inter-arrival time for Poisson traffic flow is
exponentially distributed continuous random variable with the
mean equals to //4 [4]. The probability density of this random
variable is defined by the following formula [2], [3]:

f@)=2e", ®)

where ¢ represents the inter-arrival time and A represents
the average number of requests per time unit.

The random variable with Poisson distribution is the most
frequently used case how to model the input traffic.

2.2. Model of Interactive Voice Response

Interactive voice response (IVR) module collects and
provides information to customers using self-service information
services. It can answer questions, connect calls, or proceed the
whole transaction. The caller selects from options by telephone
keyboard, or by voice if system allows it.

The graph theory can significantly help us to create a model
for IVR system. Oriented graph G = (¥, E) is defined by the set
of peaks (nodes) V and set of edges E that interconnect pairs of
peaks [5]. The cases when caller inputs some information or his
request is processed and he obtains the information we can
model as peaks of graph in our model. User’s choices in
particular peaks represent the edges of the graph. Each edge has
assigned a value representing the probability of choosing the
particular edge to get to the next peak. It is obvious that the sum
of these values for all edges from one peak equals to 1.

2.3. Model of Service group

The service group consists of a queue and at least one agent.
The agent is a server where the requests are processed from the
queuing theory point of view. In case if there are more requests
at the same time, the later coming requests has to wait in the
queue.

Danish mathematician A. K. Erlang is very closely tied to the
origin of queuing theory [1]. He published the paper concerning
application of statistics in telephone service in 1909. This
document begins further research of queuing theory. Together
with Markov chains theory his ideas helped to define and
describe more complicated queuing models.

In 1953 D. G. Kendall introduced dedicated queuing system
categorizing scheme. It is based on combination of letters and
numbers in pattern [1], [2] (A/B/X/Y), where A4 represents the
inter-arrival time distribution, B defines the handling time
distribution, X denotes the number of servers and Y defines the
maximum system capacity. Comparison of theory with real
systems has shown that the best distribution to describe the
inter-arrival time is exponential distribution denoted as M.
Therefore our research is based on M/M/X/Y models.

Both Erlang and M/M/X/Y models are based on the same
assumption and following requirements must be met [6]:

e number of source (requests population) is much more
greater than the number of servers,

e the requests are generated randomly and independently
from each other,

e the average number of requests per time unit from all
sources is constant,

e the handling time is random variable with exponential
distribution,

e  queuing is based on the First in First out (FIFO) algorithm.

Several metrics can be used to evaluate the Contact center
service. The following parameters belong to the most important
and observed [1], [2], [6], [7], [8]:

e  GoS (Grade of Service) — denotes the percentage of
requests served (assigned to agent) before defined
threshold AWT (Acceptable Waiting Time),

o  ASA (Average Speed of Answer) — defines the average
waiting time the request spends in the queue before it is
assigned to the agent (in M/M/X/Y models named as W),

e average queue length — denotes the average number of
requests present in the queue at any moment (in M/M/X/Y
models named as Q),

e average number of requests in the system — this parameter
informs about Access lines utilization (in M/M/X/Y
systems named as K),

e  average time spent in the system — shows the average time
the request spends in system from entrance to the queue
until it is served and exits the system (in M/M/X/Y named
as 7),

e agent utilization — informs about percentage of time used
by agents to handle the requests,

e queuing probability — probability the request entering the
system is not assigned to a free agent immediately but has
to wait in the queue,

e blocking probability — probability the request is not served
at all due to some reason (insufficient capacity of lines,
maximum waiting time exceeded, etc.),

o AHT (Average Handling Time) — denotes the average time
the agent is occupied by handling one request including the
time spent for ,,paper-work™ before and after the request
handling.

The first two metrics are the mostly used to monitor the
Contact center service level. They can describe almost all
situations that can occur in Contact center.

2.4. Erlang B model - model M/M/m/m

Erlang B model is the basic model which does not contain
the queue. Incoming calls are assigned to the idle agent directly
if there is any, otherwise they are blocked and will receive busy
signal [6]. An analogy to this behavior is the usage of all trunks
that interconnects Contact center to PSTN (Public Switched
Telephone Network) or any other communication network. Once
there is no more available lines, the requests can not be put
through to the Contact center and they are blocked (rejected).
This implies the Erlang B model is widely used to dimension the
trunk capacity between Contact center and communication
networks. Today, the Voice over IP (VoIP) technology is more
and more important, but the basic capacity problem is only
slightly modified to available data throughput of the connection.
Thus Erlang B model can be used in this case as well.

The Erlang equation uses three basic parameters:

A — the traffic load in Erlang,
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N — number of lines / trunks (requested simultaneous
connections),
Py — probability of call blocking.

The original form of the equation allows us to find the
blocking probability if 4 and N values are known:
AN

. 9
()

PB(N’A):

If we know the rate of calls per time unit A and the average
number of served requests per the same time unit x4 (so the
average handling time is //u) then the traffic load can be easily
evaluated as [7]:

(10)

If we substitute 4 in equation (9) we receive following form:

i N
1
P, (N, A1) = ;zlv' T (an
2 \u)

We can see that it is the same formula as obtain from
M/M/m/m queuing system [1], [2]. We have just analytically
shown that the two mentioned models are identical in fact.

The original Erlang B model can be modified in the way that
it will assume also the traffic generated by repeated attempts in
the case if the previous attempt was unsuccessful (it was
rejected). Then we have extended Erlang B model [9]:

The new variable is recall factor r. It denotes the probability
that ablocked caller will try to call again immediately. The
traffic load towards the Contact center consists of two parts:
first-time attempts and repeated calls [10]:

A=A +R=A,+AP,(4,N)r, (12)

where A4, is the traffic load generated by first-time attempts
(in Erlang), R represents the load of repeated calls and Py is the
blocking probability using the original Erlang B model (9).
Equation (12) can be easily transformed to the form:

A(l-P,(4,N)r)= 4,. (13)

By using iterative numerical methods we can then find out
the original traffic load 4, that the Contact center can serve.

2.5. Erlang C model - model M/M/m/o0

The immediate blocking of incoming call, if there is no idle
agent available (Erlang B model principle), is not the best
approach how to handle requests in Contact centers. However
the second Erlang model, the Erlang C model, eliminates this
disadvantage. This model contains the queue, where the
incoming requests can wait until an agent is available. The
maximum queue length in Erlang C model is unlimited.
Therefore this model is better to use, but it still has some
limitations. FIFO queuing strategy is used, so when any agent
becomes available, the first request from the queue is
immediately assigned to him. If the queue is empty, the agent
remains in available state and waits for the next incoming call,
which will be assigned to him without queuing.

Erlang C model [6] is originally defined as function of two
variables: the number of agents N and the traffic load 4. Based
on these parameters it calculates the probability Pc (14) that the
arriving request is not assigned to the agent immediately and it
has to wait in the queue.

AN
N!(N - 4)
M4 AN
N
it NI(N-A4)

i=0

(14

PC(N’A):

The comparison of both Erlang equation (9) and (14) shows
that they define the probability the system is not capable of
immediate request processing. The only difference is the way,
how the blocked calls are handled.

At this point we can use the equation (10) once again.
Moreover we define the variable p, that represents the utilization
of 1 agent as [1], [2], [8]:

p=—. (15)

Nu

From the conjunction of equations (10), (15) and (14) we can
obtain following:

(16)

If we start from M/M/m/o queuing model we can derive
identical equation that will define probability that m or more
requests are present in the queuing system so the new incoming
request will be inserted into the queue [1], [2], [8]. This means
that Markov M/M/m/e and Erlang C models are identical and
this relationship can be easily proved analytically.

Since the Erlang C model contains the queue, there are some
more parameters and variables which can be measured and more
or less influenced by model inputs. From the callers point of
view the most important value is the waiting time or time the
request spends in the queue before it is served by an agent. This
value is random variable described by probability density
function [8]:
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1-F. =0

FW(T)Z {I—PC oM N (17)

Based on this formula we can calculate the average waiting
time (or average speed of answer ASA) IW:

PC
HN - 4)’

and using Little’s theorem [8] and equation (10) we can
obtain the average number of requests in the queue Q:

W= (18)

A A
“AN-A) T4

Q=AW P. (19

The general definition of probability density function of any
statistical distribution and its properties [3] gives us an
opportunity to derive GoS parameter value from equation (17)
once the acceptable waiting time (AWT) value is known [1],
[7]:

GoS=1-P. e AT (20)

Following equation is valid for the average number of
requests K in queuing system [8]:

K=Np+1LPC —a—L P —4+0.
-p

(N -4)

Again, the Little’s theorem allows us to obtain the average
time 7 the request will spend in the system:

@n

T:EZ A+Q:l+W—l+L.
(V- 4)

A A U

Erlang C represents the basic model for Contact center
simulation and parameters estimation. The most important
limitation is the unlimited queue length. Nowadays it is not
a computer memory related problem however no real caller
would be satistied by extremely long waiting time. Majority of
long waiting calls would be interrupted before they are served,
but the Erlang C model does not take it into account. So the real
results and model results would not correspond in this case.

(22)

3. Conclusion

The aim of this paper is to show some of the approaches
towards Contact center simulation and parameter estimation and
verification. The simple Erlang B, Erlang C models and Markov
models are probably the most widely used for this purpose. The
greatest advantage of Erlang models is their simplicity and
ability to describe the most important operation situations of
Contact centers. However due to their limitations some special
cases must be described by more complicated Markov models.

In the case of very complicated Contact centers all
mathematical models would be extremely complicated. In such
cases it is much easier to use simulation software and
experimentally test various values of parameters in order to
obtain expected results.
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