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Abstract

Using the cavity model, a method is presented for calculating the input impedances of electrically thin
and thick rectangular microstrip antennas. The effect of the surface waves on the input impedance has
been determined. The theoretical results obtained in this study have been found to be in good agreement
with the experimental and theoretical results available in the literature.
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1. Introduction

In recent years, microstrip antennas have aroused great interest in both theoretical research and engineering
applications due to their low profile, light weight, conformal structure, and ease in fabrication and integration
with solid-state devices [1-3]. Microstrip antennas have been used in various configurations such as square,
rectangular, circular, ring and elliptical . A number of methods [1-3] have been developed to determine
the input impedance of rectangular microstrip antennas, as this configuration is one of the popular and
convenient ones. The main methods used are the transmission line model, the cavity model and the integral
equation method. The transmission line model in its original form is limited to rectangular or square patches
where extension to other shapes is also possible. The integral-equation method is perhaps the most general: it
can treat arbitrary patch shapes as well as thick substrates. However, it requires considerable computational
effort and provides little physical insight. The cavity model [4-7] offers both simplicity and physical insight.
It also appears to yield results accurate enough for many engineering purposes.

The cavity model has also been successfully used to calculate the input impedance of microstrip
antennas with the substrates ranging in thickness from 0.005), to 0.02),, where ), is the wavelength in
the substrate. For thicker substrates, however, the cavity model, as well as other simpler models [8] have been
abandoned in favor of the more rigorous moment method computations. The need for a theoretical analysis
of the microstrip antennas with electrically thick substrates is motivated by several major factors. Among
these is the fact that microstrip antennas are currently being considered for use in millimeter-wave systems.
The substrates proposed for such applications often have high relative dielectric constants and, hence, appear
electrically thick. The necessity for greater bandwidth is another major reason for studying thick substrate
microstrip antennas. Consequently, this problem, and in particular efficiency, resonant frequency, and input
impedance aspects of it have received considerable attention in recent years. In [9] the effects of surface
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waves on the efficiency of electrically thick rectangular microstrip antennas have been studied. In [10] a new
fringing field extension expression for the resonant frequency of rectangular microstrip antennas has been
proposed. The theoretical resonant frequency results obtained by using this new iringing field extension
expression are in very good agreement with the experimental results available in the literature [5,11]. In this
paper, the effects of surface waves on the input impedance of rectangular microstrip antennas are studied. An
analytical expression for the input impedance of electrically thin and thick rectangular microstrip antennas
excited by a coaxial probe is presented using the cavity model and the equivalent resonant circuits. Unlike
the approaches in literature the surface wave radiation resistance, which is ignored by the conventional cavity
model has been used to compute the input impedance of coax-fed electrically thick rectangular microstrip

antennas.

2. Analysis

2.1. Input Impedance

Consider a rectangular patch of width W and length L over a ground plane with a substrate of thickness
h and a dielectric constant €., as shown in Figure 1. Carver and Coffey [4] showed that the lumped-
element model of a single-port single-mode cavity can be used to determine the input impedance, resonant
frequency, and efficiency of the rectangular microstrip patches. It has been shown that the equivalent circuit
for a single spectrally-isolated resonant mode of the microstrip antenna can be represented by a parallel
RLC lossy resonant circuit which is in series with an inductive term representing both the influence of the
feed and also the residual net magnetic energy associated with all the higher order modes. The residual
effects of evanescent and higher-order modes, together with any error in the calculated effective dielectric
constant are accounted for in the edge extension term. It is also possible to consider either the dominant
mode or the complete spectrum of modes. The rectangular microstrip patch antenna can be considered in
the fundamental mode, modelled by a simple resonant parallel RLC circuit [5], as shown in Figure 2. In
order to take the coax-feed probe into account, it is necessary to modify the input impedance by an inductive

reactance term [3]:

RD e §

!

Figure 1. Geometry of rectangular microstrip antenna Figure 2. Equivalent resonant parallel RLC circuit
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where 7y is the radius of the inner conductor, ky = w,/figey : propagation constant in free space, po and
go are the permeability and permittivity of free space respectively. The following equation can be used to
calculate the input impedance of rectangular microstrip antenna.

_ R | Ber|f- %]
Z(f) 1+Q%[%_%]2 J 1+Q%[f—f,—*’}l]2 + Zeoas (2)

where R is the resonant resistance of the resonant parallel RLC circuit, f. is the resonant frequency, and Q7
is the total quality factor associated with system losses including radiation, the loss associated with surface
wave propagation on a dielectric coated conductor, the loss due to heating in the conducting elements and
the ground plane, and the loss due to heating within the dielectric medium. For the resonant frequency of
electrically thin and thick rectangular microstrip antennas, we used equations given in Appendix I [10]. The
total quality factor Q¢ is calculated from the formulas given in Appendix II.

Equation (2) shows explicitly the dependence of the input impedance on the characteristic parameters
of a patch antenna, and is valid for electrically thin and thick substrates [12].

The resonant resistance R in equation (2) can be written as

R=R7'+Rd+Rc+Rs (3)

where the four terms represent the radiation resistance, the equivalent resistance of the dielectric loss, the
equivalent resistance of the copper loss and the surface wave radiation resistance. Although R., R; and R,
which are given in Appendix II, are easily found, the surface wave radiation resistance R, has to be obtained
using the complicated Green function method.

2.2. Surface Wave Radiation Resistance

In general, if the thickness of the substrate on which the antenna is etched is very small compared to
the wavelength of interest, the power propagated via the surface wave is negligible so that the effects of the
surface waves on input impedance may be ignored. Most of the results obtained using the cavity model are
for electrically thin substrates. Thus, in the original cavity model, the surface wave radiation resistance is
neglected. However, it was shown in [9] that the power carried by surface waves is an important parameter
for the designer of electrically thick rectangular microstrip antennas. This power has to be considered as
a loss because it is trapped in the dielectric substrate. Moreover, unwanted radiation results when the
surface wave encounters a discontinuity (e.g. the edge of substrate). The surface wave power has also a
very important effect on the input impedance of electrically thick microstrip antennas. For this reason, in
this study the following surface wave radiation resistance expression is used to account for the influence of
surface waves on the input impedance of rectangular microstrip antennas.

z;
- 4
2P 4)

where Z, given in Appendix II is the characteristic impedance for the patch, and P,, is the power radiated

R,

in surface waves.
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2.3. Surface Wave Power

Surface wave power P, can be obtained by using the Green function method. In this work, the method
[13] presented for the determination of power radiated via the space wave and the surface wave from the
aperture of an arbitrarily shaped microstrip antenna is used.

The equivalent magnetic current density at the periphery of the microstrip patch antenna can be

written as

Jn = [axmx(m, y) + ymy (z, y)] 6(2) (5)

where @,d, are the unit vectors, and 6(z) is the Dirac delta function of z. For an arbitrarily shaped
microstrip patch antenna, the following expression for the complex power radiated by the magnetic current

source is obtained by using the general approach.

20 Ly (kg, ky) +° Lo(ks, ky)
r=i ] e v (2 k2 e W+ 5 i ] [ 02+ k) e 2 (62)
with
Li(ks, ky) = k2| Mg |? + k3| My [* — koky (M My + Mz M,) (6b)
Lo(ka, ky) = k2| Mo|? + K2 My |? + koky (Mo M, + M3 M,) (6c)
. Yoz + jyo1 tan(k,d)
in = tan(ky.d) + - 6d
y 7yor tan(ki-d) " Yo1 + jyo2 tan(ki,d) (6d)
) 02 + JY0; tan(ky.d)
i = JY0; tan(ki.d) + yg Yoz g £ 6e
Y JYo1 (k1+d) y01y61 +Jy(’]2tan(k1zd) (6e)
where

d=h/2, yo1=jkiz/e, Yoz = jkoz/%o0,
k2, =w?ue — k2 — kz and k2, = w?poeo — k2 — ki (61)
Yor = — Ju/k1zs Yoz = —Jko/kos
In eqns. (6), M, and M, are the double Fourier transforms of m (z,y) and my(z,y), respectively where *
denotes the complex conjugate. For integrating (6a), the change of variables k; = k, cos ¢ and ky = k,sin ¢,
is used. The limits for k, and ¢ will be 0 to co and 0 to 27, respectively. Moreover, dkdk, will be replaced
by kydk,dp.

The following equation is obtained using the change of variables above.

27 2
Ll(kp, (,0 " Lz(kpa ‘19)
B 47"2 / / ym dk do+ Jw 471'2 / / dkpdﬂp
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Space wave power can be determined by integrating the equation (7) in the range 0 < k, < ko, since
in this range of k,, k, is real. However, for k, > ko, the values of k, are imaginary, indicating that the field
decays rapidly as it progresses away from the substrate. Moreover for k, > ko, the integrals in equation
(7) are purely imaginary except at the singular points of the integrals. The singularity of the integrals lying
between ko and k is associated with the surface wave modes. Power propagated via the surface waves can
be determined by evaluating the integral in the neighborhood of singular points. The lowest order surface
wave mode arises from the first zero of y;,. For small substrate thickness there is only one singularity and
this singularity can be approximated as in [14].

2

2
ko = ko + 0.5 [kghz/k“] [k2 — kg] / [1 —~d?k? + dzkg] (8)

In the neighborhood of the singular point k4o, the first integral in equation (7) can be evaluated using
the singularity extraction technique [15]. By using this technique, the surface wave power P,, is obtained
as

weoF %™
P, =

= Li(koo, p)de 9a)
ank, Jo 00:¢) (

where

1+ epdy /K%, — k?
00 (9b)

F= Gy, —m)e

For large substrate thickness there exist a number of singular points arising from the zeros of y;,
and y},. The singular points associated with the zeros of y;, are due to the transverse magnetic (TM)
surface wave modes and those from y., are due to the transverse electric (TE) surface wave modes. The
surface wave power carried by all such modes can be determined using the singularity extraction techniques
as above.

It can be assumed that for a rectangular patch antenna operating in the T M9 mode, the aperture
electric field on the radiating aperture is given as F, = Ey. The magnetic current density can also be
expressed as J,, = Fo8(z)d,. Comparing with equation (5), we have my(z,y) = 0 and my(z,y) = Ep.
Taking the Fourier transforms of m.(z,y) and m(z,y), and using the above described method, the surface
wave power is obtained as follows:

P, - Egﬂwe()I;VezALz 7 /‘2” cos? o7 [ kpoWe sin ¢ ] s? [ kpoALcos ¢ ] cos? [ koL cos o ] do  (10)
™ o 2 2 2

where S, (z) = sin(z)/z, W, which is shown in Figure 3 is the effective width, AL is the edge extension and

L. := L+ AL is the centre distance between the equivalent slots. P, given by equation (10) is different

from the equation given in [13]. In order to take into consideration the influence of fringing field effectively,

we used W, L, and AL instead of W, L and h, respectively.

For small W and AL, after a number of mathematical manipulations [16], the above expression for

the surface wave power P;, can be approximated as
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32 E2koF _, | knoLe
Pou & 7 3:40 Jg[ ”‘; ]Jf[k,,OWe/2]J12[k,,OAL/2] (11)
p0

HereJo(z) andJy(z) are Bessel functions of the first kind and order zero and one, respectively.

The surface wave radiation resistance R, is obtained by substituting equation (10) or (11) into
equation (4). Thus, the effect of surface wave power on the input impedance can be determined by
substituting equation (3) and equation (4) into equation (2).

3. Numerical Results and Discussions

In this section, the numerical results for the input impedance obtained from the above method are

compared with previously presented measurements and numerical results.

In rectangular microstrip antenna design, it is important to determine the resonant frequencies of the
antenna accurately because microstrip antennas have narrow bandwidths and can only operate effectively
in the vicinity of the resonant frequency. Furthermore, the input impedance of these antennas depends
firmly on the resonant frequency of the antenna. This dependence is clear from equation (2). In this work,
the resonant frequency of electrically thin and thick rectangular microstrip antennas is calculated from the
equations proposed in [10], which are given in Appendix I . This is because the resonant frequency results
obtained from these equations are in very good agreement with the experimental results [5,11] which, in
turn, leads to good accuracy in the calculation of the input impedance. It is noted that the equations (17a)
and (17b) are valid for electrically thin and thick rectangular microstrip antennas, respectively.

The effective dimensions L, and W, instead of the physical dimensions L and W, respectively, and
the effective permittivity constant ¢, instead of the relative dielectric constant &, are used to take into
consideration effectively the influence of the fringing fields at the edges, and the dielectric inhomogeneity of
electrically thin and thick rectangular microstrip antennas.

For the effective relative dielectric constant, we used the equations (15)-(16) since the accuracy of
the results given by these equations is claimed to be better than 2.5 % for the range of normalized widths
0.01<W/h< 100 and e, < 50.

In the literature, for the effective dimensions L. and W, the empirical formulas proposed in [3, page
121] are often used to account for the fringing fields at the perimeter of the patch. However, it can be easily
shown that the resonant frequencies calculated by using these formulas are not in good agreement with the
experimental results [5,11] both for electrically thin and thick rectangular microstrip antennas. Therefore,
these formulas are only very crude approximations for the effective dimensions and will lead to poor accuracy
in calculating the resonant frequency, and therefore input impedance. In this work, the equations given in
Appendix I are used for the effective dimensions because the resonant frequencies calculated from these
equations are also in very good agreement with the experimental results [5,11].

The position of the feed point of rectangular patch antennas is shown in Figure 4. The dimensions of

the antennas, which are used in Figures 5-10, are given in Table 1.
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Figure 3. Effective dimensions of rectangular microstrip Figure 4. Geometry of feed point
antenna

Figure 5 compares the measured input impedance results of Lo et al. [17], the calculated results
published by Pozar [18], and calculated results obtained from the method presented. In Figure 6, the
calculations using this method are also compared with the calculated and measured results of Carver and
Coffey [4]. As shown in Figures 5-6, our results agree somewhat better with the experimental results over the
frequency range of interest, than do the previously presented results. In Figures 5-6, the antennas are the
electrically thin microstrip antennas. Thus, the power propagated via the surface wave modes in negligible
[9] so that the effects of surface waves on the input impedance may be ignored.

To illustrate the effect of surface waves on the input impedance of a coax-probe excited square
microstrip antenna on thick substrate, a comparison of the calculated results by this method with the
calculated results and measurements of Deshpande and Bailey [19] is given in Figure 7. We observe that our
calculated values are in good agreement with the measured values. It is also evident from Figure 7 that our
results are better than those predicted by Deshpande and Bailey [19]. In Figures 8-10, the input impedances
calculated from the model proposed here are also compared with the previously presented measurements
of electrically thick rectangular microstrip antennas of Schaubert et al. [20]. In these figures the input
impedances calculated from the model with and without the inclusion of the surface wave are plotted for
comparison. As shown in the figures, the prediction was improved considerably when the surface wave was
included. It was found that while the dielectric and copper losses become relatively insignificant the surface
wave power increases with thickness A and relative dielectric constant e, and as much as 30 percent of the
power can be lost through surface wave excitation. For this reason, the effect of the surface wave power on
the input impedance of electrically thick microstrip patch antennas must not be ignored.

Table 1. The Dimensions of Microstrip Patch Antennas
Case [ Ep | h (cm) | L (cm) | W (cm) l zy (cm) | tan§ |

1 2.59 | 0.1588 | 13.97 20.45 0.635 0.003
2 2.50 | 0.1524 | 4.14 6.858 0.0 0.002
3 2.55 | 0.159 2.01 2.01 0.13 0.002
4 10.2 | 0.254 1.90 3.00 0.65 0.0024
5 10.2 | 0.254 0.90 1.50 0.32 0.0024
6 2.22 | 0.152 2.50 4.00 0.40 0.0009

199




GUNEY: Input...

« measured [17]; A calculated [18]; m present method « measured [4]; A calculated [4]; m present method

Figure 5. Input impedance of rectangular microstrip Figure 6. Input impedance of rectangular microstrip
antenna for case 2, and frequency = 2.2 — 2.3 GHz,

Af =0.02

untenna, for case 1, and frequency = 0.640 — 0.675 GHz,
Af = 0.005

We also observed that as the substrate thickness increases, analysis of input impedance data reveals
nteresting trends. The expected shift [21] of the impedance locus to the inductive side of the chart, as h/As
ncreases, is clearly observed in Figures 8-9. In Figure 9, the inductive shift was large enough so that the
impedance loci did not cross the real axis, and so a resonant frequency or a resistance could not be defined.
These results suggest that the inductive shift is caused primarily by the use of a thick substrate.

e eveene

» measured [19]; A calculated [19]; m present method .v ﬂg?ﬁgﬁ%ﬁ%ﬁ@;ﬁ :‘? e:vxthout surface waves

Figure 7. Input impedance of rectangular microstrip Figure 8. Contribution of surface waves to the input

antenna for case 3, and frequency = 4.15-4.65 GHz, Af =
0.05

impedance of rectangular microstrip antenna for case 4,

and frequency = 2.18-2.38 GHz, Af = 0.04

For thick substrates, in reference [9] we also showed that the radiation efficiency of the antenna can
fall below an acceptable level. This is due to the fact that as the thickness increases, the surface wave power
increases and power via the space wave gets reduced. Thus, it appears that for broadside radiation, very
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thick microstrip antennas, although having broad-band impedance characteristics, may not be desirable from
the radiation efficiency point of view. '

As shown in Figures 5-10, the theoretical input impedance results calculated by using the proposed
method in this work are in good agreement with the experimental results which justifies our method.

¥ measured [20]); * method without surface waves W measured {20]; + method without surface waves

B method with surfaces waves M method with surfaces waves
Figure 9. Contribution of surface waves to the input Figure 10. Contribution of surface waves to the input
impedance of rectangular microstrip antenna for case 5, impedance of rectangular microstrip antenna for case 6,
and frequency =4.1-4.85 GHz, Af=0.15 and frequency = 3.7-4.5 GHz, Af = 0.2

The discrepancy between the model presented here and experimental results in Figures 5-10 can
be explained by the tolerances on the structural parameters. A large degree of uncertainty is introduced
when fabricating microstrip antennas. Even though the same mask is used to produce the patches, the
resulting patches all have slightly different dimensions and geometries. The substrate thicknesses and relative
permittivities are specified within 5% or even 10% by some manufacturers. Fabrication tolerances can greatly
effect the resonant frequency and consequent input impedance of rectangular microstrip antennas. Since
the microstrip antenna is a narrow bandwidth device slightest deviations in dimensions, relative dielectric
permittivity of the substrate material or nonuniformity in the substrate thickness, can lead to discrepancies
between theory and practice. For example, for the antenna given in Figure 8, the almost perfect agreement
with experimental results was obtained using &, = 10.4 instead of 10.2, and if the losses were somewhat
less. Therefore, the fabrication tolerances of the patch and substrate dimensions play an important role in
the final accuracy of the predicted input impedances.

4. Conclusion

A method for calculating the input impedance of rectangular microstrip antennas is presented which properly
accounts for the effects of dielectric constant, dielectric losses, conductor losses, substrate thickness, surface
waves, radiation from the walls, and the dimensions of the patch. The agreement between the measured and
computed results supports the validity of this method. Since this method only takes a few milliseconds to
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produce the input impedance of electrically thin and thick rectangular microstrip antennas, even on IBM

personal computer, it is useful for computer aided design of rectangular microstrip antenna arrays.
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Appendix I:

The resonant frequency of rectangular microstrip antennas can be calculated from the following
formula proposed in [10]:

frum = —2(6—:—)1/2 V(m/Le)? + (n/We)? (12)
where ¢, is the effective relative dielectric constant for the patch, c is the velocity of electromagnetic waves
in free space, m and n take integer values, and L. and W, are the effective dimensions as shown in Figure
3. To calculate the resonant frequency of rectangular patch antenna driven at its fundamental TM;o mode,
eqn. (12) is written as

c
fio= 2Neo) L, (13)
The effective length L. can be defined as follows:
L. =L+2AL (14)

The role of the nonuniform medium and the fringing fields at each end of the patch are accounted for by
the effective relative dielectric constant &, and the edge extension AL which is the effective length to which
the fields fringe at each end of the patch. The following effective dielectric constant formula proposed by
Hammerstad and Jensen [22] is used in eqn. (13)

—ab
se=6’;1+5’;1[1+%] (15)
where
3
S TR e og Pt (g Y =
0.9 0.053
b= 0.564 [5;—13—] : (16b)
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The following closed-from expressions proposed in [10] are used for the edge extension AL of rectan-

gular microstrip antennas.

AL _ 214075 + koh(1846614 — 1.1475e, + 8.5k0h) ~ L3%er ¢ 4 <oy (172)
3 18(1 + 10.85koh + 8.5k2h2)

AL  6.8955 + koh(61.062 — 0.3315¢, + 8.5koh) — 039, :

== for h/Xs > 0.11 17b
h 5.2(1 + 10.85koh + 8.5k2h2) , for hf2s > (17b)

where kg = 27/Xo and Ao = 2.08L,/e,. If &, is used for the calculation of free-space wavelength, this
wavelength can be calculated from Ag = 2.08L./e,. This equation is also used by Poraz [23] for the
computer-aided design of rectangular microstrip antennas. The resonant frequency is then obtained by
substituting equns. (14)-(17) into eqn. (13).

The effective width can be written as follows:

We =W + 2AW (18)

AW can be obtained similarly as AL by replacing L by W in all of the above formulas given in this section.

Appendix II:
The total quality factor can be written as

Qr =2rf,RC (19)
The capacitance C of the T Mo mode is given below [5]

ee€oWe L, _o Ty
= ————cos “—~

C
2h L,

(20)

where z; is feed point. In equation (20) we used the effective dimensions L, and W, instead of the physical
dimensions L and W, respectively, to take into consideration the energy stored in the fringing fields.
R., R4, and R, are given by [5].

R. = 0.00027+/¥, %Qf (fr in GHz) (21a)

_ 30tané hhg .,

Rq = P Q; (21b)
__Q
B =oric (21c)

where tané is the substrate loss tangent, and @, is the radiation quality factor [2] given in equations (22),
in which we replace the relative dielectric constant €, by the effective dielectric constant &,.
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3 g, A

Qr =16 7Y, h2’

Wegu < 0.35X¢ (22a)

Qr :m, 0.35A0 S Wequ S 2)\0 (22b)

- 20 < Wequ (220)

where n = 1207 Ohm, Y, = 1/Z., and Wegu , which is the equivalent dimension obtained from the planar
model [24], given by

1207h
Wequ = AN (23)
For calculating Z. for a given value of W/h, the following expression is used [24].
-1
n |W w
Z, = -~ 393 +0.667In | — . >
& | 1398+ 0.6 [h+1444] for (W/h > 1) (24)

Elektriksel ince ve Kalin Dikdortgen Mikrosgerit Antenlerin
Giris Empedansi
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Erciyes ﬁniversitesi, 38090, Kayseri, Tirkiye

Ozet

FElektriksel ince ve kalin dikddrtgen mikrogerit antenlerin giris empedansin: hesaplamak icin bogluk
rezonalér modeline dayal bir yontem kullanlmaster. Yizey dalgalarnin giris empedans: tizerindeks
etkileri belirlenmigtir. Bu caligmada elde edilen kuramsal sonuclarin, literatirdeki kuramsal ve deneysel
sonugclar ile iyi bir uyum sagladifs gozlenmigtir.

Anahtar Sozciikler: Dikdortgen mikrogerit anten, giris empedans:
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