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Amrrct
Thc PID controllcrs alc o of thc ffi iryortatrt
mtrcl clcmcnts usd in proccss aootrol itrahslry. Is
this $dy, first a rnatrod is prqoecd to dacrninc thc
odinlD pdanctcr tolcranccs by t[3 ttsc of thc
scnsitivities of an electrronic PID ontollcr's tnnsfer
fimcrion. Tbcsc tolcrmes kccp tbc rehtivc cmu d
thc qxpt of tbc PID mollcr duc to prafficr
vari*ionc in tolerance region Thcn a sensitivity
ntcastrr is defuEd to be u$d o iryorc thc
scositivig pcrfomancc d thc PID contollcr and to
mporewriurs PID comollcrs with diftrcn sa of
<bsign parasrctcr nalucs which rcalize the same
trandcrfimaio'

1. Intnducfion
orrcr tbc la* 15 f'cars' control tbry has futcl@
sevcrel EchniSues for dcsiping lircar titrlc'inturiant
oontrol sy$ctols rb81 ar€ oetiruun atrd robust- lt is
shsrvn that oetinrtm aDd rohst controllcrs, designod
by these tcchniqrrc can pro&roe onrcmcly fragile
ontrollcrs, h the scnse that unishin$y smatt
dsvbtioos of the oocfrcicots, &rc to th€
eNrvironn€otal €ficcts' of the dcsigDd confiollsr
desabilize the closed-loop sy$cm. The fragility also
showr up u$ally as clcr-emcly snall gain and/or
phase nargins of the closod-loop sy*en [U.
It is dviors that it sulld bc unwise to place a
coutroller tbat is fragilc with respcct o &viations of
ils cocffcicots dus to the eorrironmental cfrccrs in an
actual control system withort furtlrcr prccautions and
analpis since deviations of controller ooelEcients
causc the deviation of thc ouryut rolagc of the
controller.
Althoug[ rcducing tb dwiations of tbe outrut
voltage of a controller due to Oe environmcilal
effccts is vcry important in designing and in using
srch elements, this problem has not becn aqmincd
and solved so ftr besides an electronic. integral-q'pe
controler [2].
Itr this study a method is proposed 1s srvqpemg rhis
problem by use of the sensitivity aonaept. For lhis
prupose, using trandcr function of atr electlonic PID
controller and the paraneter sensitivitics, firs an
r4per bound is given for the dwiation of the output

rcltage. Thcn the optiEun paramclcr tolcranes
rfiicb sati$ this rrypcr bqrnd are prcmcd And a
scositivity mcasur€ is dcfincd for the PID mtroller.

?- Errtrrtion of otput dcrirrioo
Lcl rs coasidcr the clccronic, proportional-inegnl-
dcrivatiw controllcr showa in Fig. f.

Figurc l. An Elcclronic, Proportional-Iilcgral-
Ilcrivativc(PlD) C-ontroller

Thc transfer firnction bawea iryrt ad tbe olpm
rollagcs d thc PID aontlollcr can be dtaimd in s-
&nain as [3]

whcrc eo(t) : orilput voltate,
e(t) : itrput voltagi€ ,

Using T(s) of (l), the taplace transform of the orgut
voltage of the PID oontro[er can be foutd as

Eo 1s) = T15;5' 1t; ' (2)

The relative dwiation of thc ortrrn roluge in t€rms
of parameter sensitivities can bc writcn as folloqrc
[4,5]:

38



''ELECO'99INTERNATTONALCONFERENCE ON ELECTRICAL AND ELECTR.OMCS ENGINEERING"

#={$=isiarf ' G)

whcrp

x ,  e  S , ,R 'R 'R. ,C, ,Cr )  ,

Ar., _ [aR, ARr aR.] AR. ac, acr l Ga)

T- i& '& 'R" '& 'c ,  'c ,  
I '

anO Sl ts) is thc nunalizcd scnsitivity of thc

transfer firnction, T(s) with lqoct to ith Paranetcr
&:

sial=53!. (4)
T 0r,

The seositivity, SI, (s) calr alo be wriEpo in tcrns

of gain ad phase scnsitivities as fullo*s [6] for s =
jco:

sl tol = sf tol + jSl. trol, (5)

whcre S$ dcndcs norrnalizcd msitivity of the gain

fiuction:

-t,r- - x, dlTlsTtol=frfr=Rcsl(o), (6)

a"d Sl, dcootc scmi-nornatizcd scositivity of thc

phase fiuction:

s!,1o1=x,fr=Insl(o) . (7)
Usiqg (l) and (4), thc follmting scnsitivities can be
obtained:

Dt(s)= l+sRtC,  (9b)
)

*illing s = jc) in equations (8), the normalizcd

sensitivitics of Oe gain frnaion, ST ,oO fts .clni-

nonnalized scnsitivities oftbe phasc firnctio4 S!. , can

be obtaid rc+cctiwly, for i=1,..,6 as follo*s:

*.!=-llN,(o),

s[] =nlclco'rN,(co),

sll=-t

sH =L

sH =Riciro'/N,(o),

sB =-llNr(to),

SPr, =R,C,ro/N,(ro),

S!", =-RrQrto /Nr(to),

S!", =0,

SP*' = o'

S3, =R'C,orlN,(to),

S[, =R.Cro/N2(o) . (lOn)

crh€re Nr(o)) ed Ndo) are fuominaor polyamials
andare defined as folloqc::

(l0a)

(l0b)

(r0c)

(l0d)

(l0c)

(l0f)

(log)

(l0h)

(l0j)

(lok)

(l0r)

(l la)

(l lb)

Sl, =-{D,1s)

SI, =Rrcrs/Dr(s)

Sl, = -l

SI' =t

SI, =R,C,s/D,(s)

SL =-VD,(s)

whcre D, (s) , D, (s) are dcfincd as folloun:

D,(s) = l+sR,C, ,

Nr(co) = DlQo) D1(-jro) ,

Ndco) = Dz0to) Dd-jto) .

(Ea)

(Eb)

(tc)

(td)

(8e)

(8f)

The ov€rall relatirrc dcviation in ouqrt voltage due to
Frameterwdations can be obtained from (3) and (5)
as follovn:

ffi=)bTt."'*isl,t'rJ*'
Subetiotion ofequations (10) into (12) yi€lds

(9a)

(12)



(-r+5n,c,o)/N,(o)+

AEoCiro) =
Eo0ro)

S t o

t

where t, and to are r€sPoctively tolerances of

paftrmeter and variation of the output voltage

defined as follows:

* [ft.ici.' + 1r',qro] N,.rry

+(-r+1r'rcrrYN,trlf

(13)

With rhis formula, designer can evaluate tbe relative

deviation of the ouqut of tlre PID oontrcller, oncc
paramaer variations are looum.

3. Celculation of optimun prmneter toleruoes
In practice it is very diftotlt to predict the paramcr

,rariations but their rppcr bounds named as their

tolerances. Hence it is quite hard to estimate the

output deviation. Therefrrre in the following, first an

upper bound is given for AFa/ F4. And then rsing this

uppcr bound the qtinum parameter tolerances are

calqilated.
By the use of the triagular inequality [7'8] (3) ani
(5) together, the upper bouud for orerall rclative

deviation in output voltage can be expressed as
follows:

F.*9=ihffi}.,,n,
Substinrting equations (10) into (14), the folloring
bound is obained for overall relative deviation at any

ro in a specified ftequency band m [o,'tor]'

Assuming that designer u'ants lAEo/Eol
(15) than or equal to 0.01 then the parameter

are chosen as follows:
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(14)

*(n iqt'+3rC'or)

.rr**ntfi
"r1tllf

t. = r"* t jlsi ciol t,, t , or [q,ar,] . (tsl

Equation (15) can be used in calculation the optimum

parametcr rolcrances kcePirs laeoleol <to in a

specified frequency band as fullows:
In idcal PID oontroller, it is dcsirable that tbe
parancter variations €qu8[y contribute to the oulput
rariation t9l. Considering this fact we dcfine the
optimum paramcer tolerances as

t,, = toll SI, (ar.) l, I = t,..0 (16)

where t4 is critical angular fr,equency at which
6 -

>lsl (.1 ukes its maxirnumvalue.

4. Scndtivity Meesrrc Of lte Syctem
According to Blostein's definition [10] a sensitivity
measur€, Mm can be calolated as

r,, =iFl,l (17)

This sensitivig measurE, lvllo canbe used not only to
improve the sensitivity perfounancc of an dcctronic'
proportional-derivative oontroller but also dlo$6 to
comparc rrarious proportionalderivative controllers
with the same inPut{utptlt relation

5. Erample
As an application of the abwe snrdy, in the foloving
the optimun toleranccs will be calculated according
to the proposed formula with the following parameter
vdues in Fig.l.

R,  =Rz =153.85KO ,  Rr  = l0KO ,

R.  =19?. lKO, C,  =C, = lQrF.  (19)
AEofiar)l-
Eo0r,l) |

, ) "  1N, ( r ) ] r " ,

+Rlcl to ')"  IN,1o1]t*,

+Rlcfor '?)" IN,1111.,

,o ')"  lNr1r; ] t" ,

tn, =tn, =tc, =lc, =o/ol ' .4 i

t " ,  =1" .  =o /q l .

to be less

tolerances

(20)

And the sensitivity measue can be calculated as,

Mro= 4.822 (21)

5. Conclusion
In this study, using the sensitivities of the transfer
firnclion of a PID controller, a metlod is prot.used to

irh
Eo
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d€t€rmine the opumum paraneter tolcranccs. Th€se
tolerances keep the relative error of the ortput ofthe
PID comoller drrc to paramerer \rariatioDs itr its
tolerance region. Furthermore a sensitivitv measure is
d€find to b€ used to impro\rc the sensitivity
performanoe of the PID controller aDd to colqarc
various PID conuollcrs with difrercnt set of d€sigD
param€ter valucs which realizc the sarne transfs
function
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