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ABSTRACT 
In this paper , a 3-D problem of the “transmission line 
excited by external EM field” is subdivided into two 
problems. The first problem is a 2-D problem of the 
“cross section of the transmission line excited by 
external EM field”. The second problem is a 1-D 
problem of the “transmission line excited by external 
EM field” and can be described by a pair of 
differential equations of the transmission lines with 
forced terms that are obtained  by solving the first 
problem.  
 

I. INTRODUCTION 
In recent years, the utilization of planar and coplanar 
integrated circuits has become increasingly important in 
microwave and millimeter wave applications. So, the 
effect of external incident wave on different structures is a 
very important topic in EMC research groups around the 
world. There are two categories of transmission lines 
(TL). The first category is the TL in homogeneous 
structures like multi-conductor TLs above a ground plane. 
For this category the transmission line approximation 
leads to good results.  
The second category is the TLs in non-homogeneous 
media. These structures with some degree of 
approximation can be solved using the quasi-TEM 
approach. The transmission line methods can only solve 
the problem of field coupling to the first category of TLs. 
For example the response of a multi-conductor wire 
transmission line (homogeneous structure) illuminated by 
external EM fields has been considered in several papers 
[1-3]. However, the exact solution for the field coupling 
to some kind of transmission lines in non-homogeneous 
structures can not be obtained easily. The quasi-TEM 
approach and some concepts are used in [5], [6] to find 
the effect to uniform and single microstrip structures.   
In the present paper the induced voltage and current on 
the transmission line is divided into common-mode and 
differential-mode parts. The common mode part is 
obtained using a two-dimensional analysis. This part is 
used as the forced terms for the partial differential 
equations of the transmission lines. The solution of these 
differential equations gives the differential-mode part of 
the induced voltages and currents. The method can be 

used for any transmission line structure. Here the method 
is applied to a coplanar transmission line structure. 
Finally, the method is evaluated with conventional full 
wave analysis software like HFSS. 
 

II. MATHEMATICAL CONCEPT 
Consider an arbitrary TEM or quasi-TEM transmission 
line structure with an arbitrary cross-section excited by an 
external EM field. Here without loss of generality we 
consider a simple coplanar microstrip structure whose 
cross-section is shown in Figure 1, imposed to an external 
wave. 

 
Figure 1.  A simple coplanar microstrip structure 
 
The length and the loads of the line are also arbitrary. The 
induced voltages and currents along the line consist of 
two parts, the common mode and the differential mode 
parts. The common mode part which is the antenna mode 
part is excited when the line is infinite in length. The 
differential mode part is the result of the terminations. The 
differential mode part is the total solution only in the 
terminals. So, solving the non homogeneous differential 
equations of the transmission line is valid just in the 
terminals. Therefore, the common mode part can be 
obtained solving the two dimensional problem of the cross 
section of the transmission line.  
The incident field and the phase constant of the incident 
field in the z direction are obtained as shown in Figure 2: 
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Figure 2. Definition of incident wave angles 
 
In Figure 2, ψ determines the type of polarization, i.e.; 

0ψ =  produces a TEz polarization, 2ψ π= produces a 
TMz polarization.  
It is also assumed that the external EM wave will cause a 
quasi-TEM mode to propagate along the line. It will be 
shown that the voltage and current of the line satisfy the 
usual transmission line equations including forced terms 
on the right. 
Consider the top view of coplanar transmission line as 
shown in Figure 3. Integrating the Faraday equation over 
the path shown in Figure 3 and continuity equation over 
the volume shown in Figure 4 and using Stokes’s and the 
divergence theorems, respectively, results in: 
 

 
Figure 3. The integration path for equation 2 
 

 
Figure 4. Elementary volume for equation 3 
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These are the differential equations describing the induced 
voltage and current along the line. The problem is that the 
fields in the right hand sides of (2) and (3) can not be 
obtained simply. 

III. FIELD DECOMPOSITION  
To obtain the fields on the right hand sides of (2) and (3) 
we decompose them into two parts, the “differential mode 
fields” and the “common mode fields”. The fields can be 
decomposed into common and differential mode parts as: 
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This helps us decompose the three dimensional problem 
into [4]:  
1. A two dimensional problem (infinite long line problem) 
for common mode fields, voltages and currents. 
2. A one dimensional problem consisting of an excited 
transmission line described by a pair of inhomogeneous 
differential equations. 
We now define the per unit length inductance and 
capacitance parameters of the line as: 
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Inserting (4), (5) and (6) in (2) and (3), and combining the 
result, we obtain a 2nd order differential equation for line 
voltage:   

( )zjKVV
dz
d inc

zββ −=+ exp2
2

2
              (7) 

where inc
zK ja j Lbβ ω= − − , LCβ ω= . 

The a, b parameters are all function of common-mode 
fields, geometry and incident wave properties.  
The equation (7) has a simple solution of the form: 
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Applying the terminal conditions, A and B will be 
obtained. The terminal conditions are shown in Figure 5. 

 
Figure 5.The longitudinal cross section of the line  

Note-worthy is that the capacitance, C, inductance, L, 
characteristic impedance, Z0, and the effective relative 
permittivity, reε , of the line are given in [7]. 
 

IV. FORCED TERMS   
Our main problem is to find the right hand side (forced 
terms) of the above mentioned differential equations. 
These forced terms can be obtained by solving the two 
dimensional problem for the common mode fields. 
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This problem can be modeled using the induced magnetic 
current density on the gaps as shown in Figure 6. Since 
most of the incident Ez is choked for the presence of the 
PECs, the total E-field in the gaps is mostly x-directed. 
Since Mx over the gaps is related to Ez, which is already 
small compared to Ex, so with a good approximation, Mx 
can be ignored, compared to Mz. Also, Ex is continuous 
in the boundary of air and the dielectric substrate. So, the 
magnetic current densities baM ,  in the free space and 

baM ,−  in the dielectric are assumed to exist over the 
gaps. Using equivalence theorems [5], the boundary in the 
problem of Figure 6 can be replaced by a perfect electric 
conductor. Finally, the fields in 0≥y  and 0≤y  regions 
can be obtained using two equivalent problems. 
The magnetic fields in Figure 6 are obtainable noting: 
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where HG  is the dyadic Green’s function for the H field, 
in free space and dielectric. Since ( ),M x z  is z-directed, 

only ( ) ˆˆ, ; ,hzzG x y x y zz′ ′  is needed to help us derive an 
integral equation 

 
Figure 6. Modelling the gaps using magnetic current 
densities 
 

V. CALCULATION OF GREEN'S FUNCTIONS    
The ( )yxyxGhzz ′′,;,  is the Hz field of an infinitely long 
magnetic line current, which is obtainable, as [9]: 
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To find ( )yxyxGd
hzz ′′,;, , we perform a simple 

transformation of coordination axis (Figure 7). So, we 
have: 
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Figure 7. Calculation of the Green function of a 3 layer 
medium 
 
The 3 layer medium is modeled using a linear filter. This 
filter can simulate the TE and TM plane wave propagation 
through 3 layer structure. Summerfeld integral is then 
used to expand the field of a simple magnetic dipole as a 
sum of infinite number of plane waves. The response of 
the filter is then computed for each plane wave. Finally, 
the total field is obtained as an integral of the responses to 
each plane wave.  

A. Transfer Function of 3 layer Media 

Consider the case that the observation point and source 
point are inside dielectric region. Now, using the flow 
diagram of incident and reflected waves and the Mason's 
Law, one can obtain the transfer function relating the 
output electric field to the input electric field as: 
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where 2
2 2 1 , sinjk s sγ θ= − − = . Also, to find each 

component of the electric and magnetic field, the proper 
reflection and transmission coefficients should be used. 

B. Expansion of Dipole source as Plane Waves 

Consider an arbitrary oriented small magnetic dipole as: 
uaMM ˆ=                                   (14) 

zzu auauaua ˆˆˆˆ ++= ϕϕρρ  

Note that ρu and ϕu  are functions of ρ  andϕ . It is 
simple to show that the field of this simple magnetic 
dipole can be expanded as the sum of the zTE and zTM  
waves [8]. 
The transfer function of the 3 layer structure is a function 
of several variables like, position of the source and 
observation points, polarization of the incident field, the 
angle of the incident. To find the Green’s function for a 
magnetic dipole, we need to integrate the transfer function 
over all angles of incidence (s). For simplicity of notation 
we call the transfer function for TE and TM polarizations 
as ( , ; )TE r r s′Τ and TM ( , ; )r r s′Τ , respectively. Also, note 
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that for each polarizations and field components the 
proper Γ should be used. In our problem, only H ρ

 

component contributes in ( ), ; , oldd
hzzG x y x y′ ′  and can be 

obtained as: 
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, 3
0 0 04H k M πµ= . To find desired Green’s function, 

equation (15) should be integrated over y-axis. 
 

VI. SOLUTION OF INTEGRAL EQUATION 
In order to satisfy the continuity of tangential magnetic 
fields at the boundary, one has (Figure 6): 
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This is the desired integral equation for calculation of the 
equivalent magnetic current density over the gaps, for the 
2D problem. Once the magnetic current densities are 
obtained for the two gaps, all fields and the forced terms 
can easily be obtained. To find the magnetic current 
density, the method of moments has been used. The width 
of each gap is subdivided into N equal intervals. The basis 
functions are chosen as: 
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where d N∆ = . The unknown magnetic current densities 
are now expanded as: 
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The magnetic field in each subinterval of the gap is as: 
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The weighing functions are chosen to be Delta functions. 
Finally a system of linear equations will be built, solution 
of which yields the 2N unknown  ia  and ib  s. 
 

VII. EXAMPLE AND RESULTS  
In order to validate the proposed method, consider a 
coplanar structure with the parameters:  

mmhmmwmmdr 15,6,2,54.2 ====ε .Here a simulation 
has been done using HFSS software with capability of 

modeling incident plane wave. A wave front with the 
properties of 1 / , 70 , 70 , 30incE V m θ ϕ ψ=  = = =  illuminates 
a 20cm long coplanar transmission-line, which is 
terminated in 50 Ω  load resistors. 
The voltages along the coplanar line are calculated using 
the HFSS and the proposed methods. Figure 8 shows the 
voltages along the coplanar line at the frequency of 3.0 
GHz. Also, Figure 9 shows induced voltage on the source 
resistor, versus frequency. It is observed that there is an 
acceptable agreement between the results obtained using a 
full wave method and the proposed method. Also, the 
magnitude of the induced magnetic current densities over 
the gaps has been shown in Figure 10. 
 

VIII. CONCLUSION 
A new approach has been proposed to calculate the effect 
of an external wave on transmission lines in non-
homogeneous medium. The induced voltage and current 
on the transmission line is divided into common-mode 
and differential-mode parts. To obtain the forced terms 
using magnetic current densities over the gaps, a simple 
formulation for Green's function for 3 layer medium has 
been derived. Using the proposed method, the total 
voltage and currents can be obtained along the line. 
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Figure 8. Induced voltage along the coplanar line at the frequency of 3GHz 

 

 
 

Figure 9. Induced voltage on the terminal resistor at z = 0. 
 

 
Figure 10. Magnitude of the induced magnetic current densities over the gaps 


