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Abstract
Finite difference time domain method (FDTD) is a widely
used numerical method for solving time domain electromag-
netic problems. In this paper, the behaviour of a sine wave
inside a Gaussian envelope propagating through two cas-
cade plasma media is investigated. Perfectly matched layer
(PML) is used as the absorbing boundary condition.

1. Introduction
Finite difference time domain method (FDTD) is a well

known and widely documented numerical method for solving
time domain electromagnetic problems. FDTD has been intro-
duced first by Yee in 1966 [1]. Yee has expressed Maxwell’s
equations as a set of finite difference equations and has shown
that with the appropriate choice of the points at which the field
components are evaluated, these equations can be solved. Later,
it has been revealed that absorbing boundary conditions are
needed to take into account the behaviour of the electromag-
netic fields at the boundaries of the problem space. The per-
fectly matched layer (PML) developed by Berenger [2] is shown
to be an efficient absorbing boundary condition. In this paper,
the behaviour of a sine wave inside a Gaussian envelope which
comes upon two cascade plasma media is investigated.

2. Two Dimensional FDTD Equation
For an electromagnetic wave, two dimensional Maxwell’s

equations can be written as follows by using the FDTD formu-
lation [3]:

En+1
z (i, j) = En

z (i, j) +

Z
Δτ

Δx

[
Hn+1/2

y (i+ 1/2, j)−Hn+1/2
y (i− 1/2, j)

]
−

Z
Δτ

Δy

[
Hn+1/2

x (i, j + 1/2)−Hn+1/2
x (i, j − 1/2)

]
(1)

Here, Z given by

Z =

√
μ

ε
, (2)

is the intrinsic impedance of the medium.

3. Absorbing Boundary Conditions
In FDTD modeling, it is not possible to handle open re-

gion problems directly, because of the memory size limitation
in a computer. To overcome this difficulty, several absorbing
boundary conditions are suggested. The aim of an absorbing
boundary condition is to truncate the computational domain so

as to suppress the spurious reflections of outgoing waves to an
acceptable level [4].

Perfectly matched layer (PML) is a flexible and effective
absorbing boundary condition. The basic idea behind the PML
is as follows: If a wave propagating im medium A impinges
upon medium B, the amount of reflection depends on the intrin-
sic impedances of the two media [5]. The electric displacement
vector Dz is given by

Dn+1/2
z (i, j) = gi3(i) gj3(j)D

n−1/2
z (i, j) +

gi2(i) gj2(j) (0.5)
[
Hn

y (i+ 1/2, j)−Hn
y (i− 1/2, j)

−Hn
x (i, j + 1/2) +Hn

x (i, j − 1/2) ] . (3)

The parameters gi2, gi3, gj2, gj3 are given by

gi2(i) =
1

1 + xn(i)
, (4)

gi3(i) =
1− xn(i)

1 + xn(i)
, (5)

gj2(j) =
1

1 + xn(j)
, (6)

gj3(j) =
1− xn(j)

1 + xn(j)
. (7)

Here, xn(i) and xn(j) are given as follows:

xn(i) = 0.33×

(
i

pml length

)3

, (8)

xn(j) = 0.33×

(
j

pml length

)3

. (9)

In Eq. 8 and 9 the indexes i and j change over the dimensions
of the plasma medium:

i = j = 1, 2, 3, ..., pml length, (10)

where pml length shows the dimensions of the plasma medium.

4. Plasma Medium
The permittivity of an unmagnetized plasma is given by [5]

ε∗(ω) = 1 +
ω2
p

ω (jvc − ω)
, (11)

where fp is the plasma frequency, ωp = 2πfp is the angular
frequency, and vc is the electron collision frequency. By using
partial fraction expansion, Eq. 11 can be written as

ε∗(ω) = 1 +
ω2
p/vc

jω
−

ω2
p/vc

vc + jω
. (12)
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Figure 1. Problem space for two cascade plasma media.

By taking the Z transforms of Eq. 12 we obtain

ε∗(ω) =
1

Δt
+

ω2
p/vc

1− z−1
−

ω2
p/vc

1− e−vc.Δt z−1
. (13)

The Z transform of Eq. 12 can obtained as

D(z) = ε∗(z)E(z)Δt. (14)

By inserting Eq. 13 into Eq. 14, we obtain

D(z) = E(z) +

ω2
p Δt

vc

(1− e−vcΔt) z−1 E(z)

1− (1 + e−vcΔt) z−1 + e−vcΔt z−2
. (15)

5. Simulation of the Plasma Medium
A sine wave with a Gaussian envelope is created in the co-

ordinates i = 10, j = 10. This pulse is given by [6]:

f(t) = e
−0.5

(
t0−T

W

)
2

× sin(2πfΔt T ), (16)

where, f is the frequency of the pulse, t0 is the peak of pulse at
the start, T is the period, W is the width of the pulse, and Δt is
the time step. The cell dimensions are 80× 80. The medium is
free space from i = 0 to i = 29, from i = 41 to i = 49 and
from i = 61 to i = 80. The medium is plasma from i = 30
to i = 40 and from i= 50 to i = 60. The problem space is as
shown in Fig. 1

In Fig. 2, frequency of plasma medium 1 is 2000 THz, fre-
quency of plasma medium 2 is 8000 THz and frequency of pulse
is 4000 THz. Pulse is in free space for n=50 time steps.

In Fig. 3, all frequency values are the same as in Fig. 2.
Pulse has penetrated into plasma medium 1 in n = 150 time
steps, but it has been reflected back from plasma medium 2.

In Fig. 4, frequency of plasma medium 1 is 8000 THz, fre-
quency of plasma medium 2 is 16000 THz and frequency of
pulse is 4000 THz. Pulse is in free space for n=50 time steps.

In Fig. 5, all frequency values are the same as in Fig. 4.
Pulse has been reflected back from plasma medium 1.

In Fig. 6, frequency of plasma medium 1 is 500 THz, fre-
quency of plasma medium 2 is 2000 THz and frequency of pulse
is 4000 THz. Pulse is seen to be in free space for n=50 time
steps.

In Fig. 7, all frequency values are the same as in Fig 6. It
is seen that, for this case, the pulse has penetrated not only into
plasma medium 1, but also into plasma medium 2.
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Figure 2. Electromagnetic field spread in n=50 time steps.
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Figure 3. Electromagnetic field spread in n=150 time steps.
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Figure 4. Electromagnetic field spread in n=50 time steps.
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Figure 5. Electromagnetic field spread in n=150 time steps.
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Figure 6. Electromagnetic field spread in n=50 time steps.
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Figure 7. Electromagnetic field spread in n=150 time steps.

6. Conclusion
In this work, the propagation of a sine wave with a Gaussian

envelope through two cascade plasma media has been investi-
gated. It is shown that the electromagnetic wave has penetrated
into plasma medium for high frequencies and has been reflected
back for low frequencies, as expected. Plasma medium has a
powerful potential for electronic warfare systems.

7. References
[1] K. S. Yee, “Numerical Solutions of Initial Boundary Value

Problems Involving Maxwell’s Equations in Isotropic Me-
dia”, IEEE Transactions Antennas Propagation, vol. 14,
no.3, pp. 302-307, May 1966.

[2] J. P. Berenger, “A Perfectly Matched Layer for the Absorp-
tion of Electromagnetic Waves”, Journal of Computational
Physics, vol. 114, no.2, pp. 185-200, 1994.

[3] A. Taflove and S. C. Hagness, Computational Electro-
dynamics: The Finite Difference Time Domain Method,
Artech House, Norwood, U.S.A., 2005.

[4] Y. Hao and R. Mittra, FDTD Modeling of Metamaterials
Theory and Applications, Artech House, Norwood, U.S.A.,
2009.

[5] D. M. Sullivan, Electromagnetic Simulation Using the
FDTD Method, Wiley, New Jersey, U.S.A., 2013.

[6] S. A. Avcı and E. Afacan, “Gaussian Beam Interaction at
High Frequencies with Plasma Medium”, Journal of the
Faculty of Engineering and Architecture of Gazi Univer-
sity, vol. 30, no.2, pp. 273-279, 2015.

960



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


