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Abstract—In this paper, a systematic and efficient method
to analyze nonlinear circuits which have three-terminal
nonlinear elements like transistors (JFET, MOSFET, BJT)
is presented. Large-signal and small-signal analysis of
nonlinear circuits containing these elements are achieved.
The nonlinear circuits have non-algebraic equations. The
solutions of these equations are based on an algorithm called
Newton-Raphson algorithm. The method allows computer-
aided analysis of nonlinear circuits to be realized efficiently.
One illustrative example is included in the study.
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. INTRODUCTION

Power electronic systems are widely used in many
applications ranging from computing and
communications to medical electronics, transportation,
industry applications and high-power transmission. These
systems generally require switching circuits consisting of
semiconductor switches such as transistors and diodes,
along with passive elements such as inductances,
capacitors and resistors and integrated circuits for control
[1].

In practice, while the conventional resistor is probably
quite common circuit element, the transistor is certainly
the most useful electronic device. A transistor is a three-
terminal device behaving as a two-terminal resistor when
viewed from any pair of terminals at dc. There are many
n-terminal electronic devices available also behave like n-
terminal resistors at dc and low-frequency operations [2].
From a different viewpoint, a multi-terminal element is
usually modeled as a subcircuit consisting of only two-
terminal elements. Thus, a common starting point for
studying circuit simulation is to restrict the formulation to
two-terminal resistors. In real world, there can be faced
with the same situation and it requires dealing with
elements such as two-terminal resistors and three-terminal
device like transistors. Many methods have been used to
analysis of these nonlinear circuits [1-8], [10-14].
Nonlinear electrical properties of some three-terminal
switching elements are given in [15-16].

Ali Bekir YILDIZ

Department of Electrical Engineering,
Kocaeli University,
Umuttepe Campus, 41380, Kocaeli, Turkey,
e-mail: abyildiz@kocaeli.edu.tr

Analysis of circuits including nonlinear elements has
two basic problems: (1) obtaining equations of the circuit,
(2) solution of the equations with appropriate methods.
Nonlinear circuits require intensive mathematical
operations and so solving of the operations is mostly
difficult. If the analysis doesn’t require a solution in a
wide range (large-signal analysis), the linearization of
nonlinear elements is resorted. For some elements, this
linearization process can be done considerably in a wide
range in terms of the place of use. As regards some of the
others, the linearization can only be valid in a closed
spacing depending on the place of use [9].

In this paper, primarily, large signal analysis of
nonlinear three-terminal switching devices with Newton-
Raphson algorithm is considered and so values of the
operating point (Q) is obtained. And then, analysis of
small-signal equivalent circuit is achieved using the
values of this operating point (Q).

I1. SMALL-SIGNAL ANALYSIS

Small-signal analysis is an analysis method valid for a
nonlinear circuit which is excited by direct and alternating
sources while the amplitude of the alternating sources is
smaller than which of the direct sources. In other words,
while e(t)<E, the analysis for the nonlinear circuit seen
from Fig.1 is small-signal analysis. Because of frequently
encountered with these situation in electronic devices,
examination of behaviors in small-signals of nonlinear
elements, model extraction of them, and studying of
small-signal analysis using these models have gained
importance. The behaviors and properties in small-
amplitude alternating signals of nonlinear elements have
been studied [2], [3], [9].
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e(t)

Fig.1. The nonlinear circuit including dc and ac sources
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In  small-signal analysis of nonlinear circuits,
linearization point (operating point-Q) is determined by
direct sources. After linearization, the circuit is accepted
as a linear for small amplitude variable signals around this
point. Linearization means that the straight is replaced
with a curve on operating point (Q) as can be seen in
Fig.2. In Fig.2.h, the element is assumed as linear around
the point-Q. It can be expressed around this point as
below:

x(t) = Xo + x4(t) @
Where Xo is a direct component and independent from t.
Whereas, Xa(t) is a variable component and it depends on

t. While variable components are expressed as Eq.(2),
these are called small-signal.

x, () = |x(t) — Xy| < X, )

f) x(®)

e
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Fig.2. Linearization on operating point (Q)

I1l. LARGE-SIGNAL ANALYSIS

The equations which are obtained for large-signal
analysis of the circuits including nonlinear elements are
nonlinear algebraic equations. The method used for the
solution of these equations is Newton-Raphson algorithm.

Nonlinear circuits require solution of the nonlinear
algebraic equation systems and the general structure of
these equations is as in Eq.(3). The aim, here, is to find
the root of the function.

fx)=0 ®)

The solution expression of the nonlinear equations,
Eq.(3), with Newton-Raphson iterative method is given as
below:

- -5 @

j+1

X

Nonlinear multivariate algebraic equation system is given
by Eq.(5):

fl (xl,xE, ...,xﬂ) = 0

F(X) =0= fj_ [xl,xz, '_'"x'n) =0 (5)
f‘n (xj_:xg, e xﬂ} = 0

Newton-Raphson formula is given as the following for the
equation system given by Eq.(5):

Fx)

F(I:Xj:] (6)

Xitl=xi_

X=xl— et (xXF(X) @
Where,
dxy  dag day
Bxy  dxg By,
IF(X)= (8)
L dxy  dag g, |

In Eq.(7), the expression F(X7)=Jr(X’) jis Jacobian
matrix of the function F ().

Fig.3 shows Newton-Raphson algorithm concerning
the solution method.

Obtain the nonlinear
equation system
F(x)=0

Assign the initial vector
x® =[xf,x9, ..., x7]

Define the Jacobian matrix and_
obtain the inverse matrix Jz*(X7)

Compute the new value of x
vector consecutively with Eq.(7)

Check the converge
(2) —xi.cl" J(x=1,2..n)

| <%
—N0<€mver N\
ged? >
NG
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The solution is obtained
k+1 k
i T |
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i

”
x;: "

|x =¢g(i=12..,n

Fig.3. Newton-Raphson Algorithm
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IV. NONLINEAR THREE-TERMINAL SWITCHING
ELEMENTS

The most important three-terminal elements we
encounter in real world are transistors (BJT, JFET,
MOSFET... etc.). Their global symbol and terminal-
graph are illustrated in Fig.4.

a b
A B
Input Output 1 2
c

Fig.4. The symbol and terminal-graph of a three-terminal element

The terminal equations of a three-terminal element shown
in Fig.4 can be one of four different forms as below.

@ i (6) _ fitvy,vy) [ vy (t) [f (i1, Iz)
i,(t) f(v,v,) v, (t) (i 1:12}

@ 1"1 (t) _ fi (1:1»'”2) i1(8) _ fi (191»1:2)] (10)
i,(t) fa(ip1y) 7,(t) f2(v1,3)
General constructions of Eq.(9) and Eq.(10) are given by:
u=fi(xy) (11)
v = fo(x,y) (12)

Where, each one of the expressions represents a bivariate
function and therefore, these correspond a surface in 3-
dimensional space.

If a three-terminal element operates with small-signal
variations around the operating point (X, ¥j), this element
can be linearized as in Eq.(13) and Eq.(14).

Up = f1(Xp.Yp) (13)
Vo = (X0 Yp) (14)
For linearization, Taylor series expansion is used:
u_;icsz.y3+—| G- X.J+—| G-Y)+ 56 =| G- X)? +
(15)
v= fulhy, .,]+—| - X.]+—| 0¥+ 3 22 ke
(16)

where, high degree terms can be negligible because of
[(x —X)| = Xy and [(v —¥)| =¥, in operating point
Q = Q(X,.¥y), and so Eq.(17) and Eq.(18) are obtained.

U+ x4+
u=Up+ 3| G-X)+ 3T G- @)

v 2 x4
v=T+ 3 G-X0+ 3 - @9)

Let’s substitute the following equations into Eq.(17) and
Eq.(18):

u—U;=u" and x —X; =x'

v—V,=v and y—-Y, =y’
After that, Eq.(17) and Eq.(18) are in the following form.

on o

[u'] f8x  Bx [x’]

vl |an dn | LY
Q

dax dax
where, the matrix which is multiplied with the vector
[x" v']" is Jacobian matrix (Jg)- Eq.(19) can be written
also by Eq.(20).

v—VW “ly-v
The geometrical meaning of linearization is that the

surface equation is replaced with a plane equation which
is tangent into the surface in operating point, Q.

(19)

(20)

V. APPLICATION

Consider the MOS transistor circuit shown in Fig.6.
Element values are R1= 2k}, R2 = 4000, E1= 8V,

E2 =12V, e(t) = 0.01sint, also § = 0.64m4/V? ¥,
—5V. The terminal equations of MOS transistor [2]:

th =

i1=0

i=p [(Ul — V)1, _%vzz]

(21)
(22)

The nonlinear expression given by Eq.(22) is shown as 3-
dimensional in Fig.5.

0.025 7

0.01577

[ v (V)

Fig.5. 3-D representation of Eq.(22)

At first, let’s find the operating point values in order to
obtain the large-signal analysis. Therefore, the circuit
shown in Fig.7 is obtained by short-circuiting the
alternating source in the main circuit (Fig.6). Mesh
equations are as follows:

_’_EI+I£IR1+V5. =0

(23)
(24)
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Fig.6. Circuit for example

The variables of the method are I, = iy and I, = i> mesh
currents. The expressions of Eq.(21) and Eq.(22) are used
for iy and i,, then let’s rearrange Eq.(23) and Eq.(24):

- 9.4, 0) =V, —-8=0 (25)

9201, V) =V, —12 + 04§ [(731 — Vep)vo _%vzg} = 0(26)

MOS
Transistor

Fig.7. The circuit in operating point (Q)

Newton-Raphson iterative formula given by Eq.(7) is
applied this equation system as follows:

I’E_j+1
[VZJ'“]:[

The solutions are obtained for initial values
given as 1, = 8,11 =1, as follows.

W’ ] 1 n

v’  1+0.48[(Vy] —Ver V]

Vig =8V
Vyo = 3.05V

Now, let’s start the small-signal analysis. It can be easily
seen that the terminal equations given by Eg.(21) and
Eq.(22) are in the form of Eq.(9.a). After the structure of
equation is determined, the Jacobian matrix in Eq.(19) is
expressed and the linearized equivalent circuit of three-
terminal element is obtained as in Fig.8.

[1'1&) =[Im]+f [Ulﬁt)—Vm] (28)
i(t) I3 ¢ v, (1) — Vi
o o
dvy By 11 Gi2
| e o
diy  Biy 21 B2z
L dvy;  du,
[ 0 0 ] 29)
J =
LB Bl ) — 1]

By substituting Eq.(29) into Eq.(28), Eq.(30) is obtained

as follows.
=l oo
iZF vz!

Fig.8 is the linearized equivalent circuit of three-terminal
element. It is created by using the expression of Eq.(30).

g11
gz21

g1z
Y22

(30)

i’ a b iy

+ +

vy’ Ou |:| g1V’ l l ga1v1’ |:| g2 Vo'

Fig.8. The linearized equivalent circuit of MOS transistor

c

To achieve the small-signal analysis, direct sources are
short-circuited in the main circuit in Fig.6 and the
linearized equivalent circuit in Fig.8 is taken into account.
As a result, the complete equivalent circuit is obtained as
in Fig.9. The values of resistors in the equivalent circuit
are determined by substituting the values of Vig and Vaq
into Eq.(29).

o oy
dry  dug 0 0
;Q = . . = [
By 8 B, ﬁ[(vl - vzh) - U'z] o
dry  dug
J [ 00 (31)
® lo2 o6
il’(L) a b Lz’(t)
+ i T
Ry
Vi ’(t) Ja N 022 v, (t
+ gg |:i| ovy’ l l 0.2v1l’ |:j| 065 2’0
e(t)

| S

c

Fig.9. The equivalent circuit obtained for small-signal analysis

The values relating to small-signal analysis are obtained
from Fig.9. Here, v, () = v, "(t) and v,(£) = v, (1)
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s v (t)—e(t)+i, (R, =0 (32)

Nodal equations (for nodal a and b) are as follows:
—=1,"(t)—2.50"(t) -], =0 (34)
=i, (t) -1 (t) -], =0 (35)

After solving the system equations from Eq.(32) to
Eq.(35), nodal voltages are obtained as follows:

—= 1 '(t) = 0.01lsint
= 1,/ (t) = —0.0022sint

Finally, the complete solutions are given by following
expressions.

= vy (t) =V + vy (t) = 8 + 0.01sint
—= 1, (t) = Vo + 0,"(t) = 3.05 — 0.0022sint

VI. CONCLUSIONS

In this paper, the large-signal and small-signal analysis of
nonlinear three-terminal switching elements we encounter
frequently in practice are carried out. To obtain and
analyze nonlinear equation systems require intensive
mathematical operations. In this study, for large-signal
analysis, a frequently used method, Newton-Raphson
method is used. Also, an application circuit containing
MOS transistor as a three-terminal switching element is
included in the study. The voltages in operating point, Q,
are obtained with the large-signal analysis relating to this
element. Also, the effect of alternating source to the
circuit is studied by small-signal analysis. The method
can be easily applied to the circuits containing nonlinear
resistor or nonlinear multi-terminal other elements. The
main difficulty in the solution process is to obtain
nonlinear equation system and deal with non-algebraic
operations.
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