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Abstract

The time delay equations are frequently used to model real
systems since they can describe the after-effect phenomenon.
It is usually difficult to analyze the properties of time delay
systems. Thus it would be beneficial to make the systems as
simple as possible. For this purpose, the decomposition of
the systems into some separate or cascaded sub-systems with
smaller dimension is introduced as the solution of the
mentioned complex task. The decomposition of the time
delay systems with one delay is directly related to
simultaneous similarity of two matrices. In this regard,
necessary and sufficient conditions are derived for the
existence of a common similar block diagonal or triangular
form for two matrices. Finally, the applications of the
obtained results for time delay systems are illustrated via
two examples.

1. Introduction

Transmission of information, material, and energy is not
instantaneous and therefore time delays appear frequently in
real systems. Delay is expressed in different form of models,
such as retarded, neutral, and fractional order systems. Each of
these models describes behaviour of a special class of real
physical systems. Analysis of stability, robust stability,
controllability, and observability of these systems are important
both from theoretical and practical aspects [1]. Some of these
properties are involved with complex computation, where the
computation is directly related to their dimension. The stability
analysis of these systems can be complex due to the non-
deterministic polynomial-time hard (NP-hard) nature of the
stability problem [2]. Moreover, some methods that are
proposed to analyze these properties are not applicable for the
systems with arbitrary dimension [3]. Recently, researchers
have been paying more attention to making time delay models
as simple as possible. For example, consider differential-
different equations with a large number of state variables and
multiple low dimensional delay elements. For this kind of
systems, time delays can be pulled out from equations, and
therefore a simpler form is obtained [4]. The complexity costs of
some techniques reduce according to this form [5].

As another problem, unfortunately some techniques and
functions can only be employed to analyze the stability of the
time delay systems with dimension one [3]. As an example, all
stability regions in the delay parameters are determined by using
the well-known technique called the cluster treatment of
characteristic roots [6]. However, this technique cannot be
applied to the case that the characteristic equation of the system
has repeated and non-semisimple roots on the imaginary axis. In
this case, the system must be decomposed to many separate or
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cascade sub-systems [7].

The similarity transformation can be employed as a
technique to reduce the computational complexity of analysis
and to enhance performance of the methods for time delay
systems. This topic is a classic topic in linear algebra and
control theory for the system without delay. It is much simpler
for the system without delay than the system with time delay.
The similarity transformations of time delay system relate to
simultaneous similarity of the matrices which is classified as
wild problem in the matrix theory [8, 9]. A definition of
simultaneous similarity for two sets of matrices is given by
using the matrix polynomial [10]. The necessary and sufficient
conditions for a set of matrices to be simultanecously similar to a
set of diagonal or triangular matrices have been presented in
[10], where all matrices in the set must be commutative
pairwise. Another condition has been offered based on the Lie
algebra. The matrices are simultaneously triangularizable if and
only if the Lie algebra generated from them is solvable [11].
This statement is known as Lie's theorem, which is frequently
employed for analyzing the switched systems [12, 13].
Unfortunately, these theories cannot be employed for block
diagonal on triangular form. Recently, other conditions have
been proposed to analyze the existence of a similarity
transformation matrix that converts the set of matrices to
canonical form [14]. However, unfortunately the condition of
the theorem relies to the existence of another matrix, and
therefore this dependency creates a new problem. Furthermore,
some iterative methods have been proposed to check the
condition of simultaneously triangularizable form [15].

The purpose of this paper is to develop necessary and
sufficient conditions that have been used to check the
simultaneous block triangularization or diagonalization of a
matrix set. Also, these conditions are used to determine whether
a system with single delay can be divided into some separate or
cascade sub-systems. The advantages of the proposed method
are that the provided conditions only depend on eigenvalues and
eigenvectors of the matrices and can be employed to show that
whether the system matrices would be simultaneous similar to
block diagonalization and triangularization forms. However,
these conditions are based on the assumption that each matrix is
diagonalizable.

The paper is structured as follows. Section 2 introduces
definitions and an assumption on which this paper is based. The
main results of the paper are proved in Section 3. The criteria
for checking that two matrices can be decomposed to the
simultaneously block triangular and diagonal form are
presented. In Section 4, numerical examples are given to
illustrate the proposed lemmas and theorems. Also applications
of decomposition of the time delay system are discussed. Finally
Section 5 concludes the paper.



2. Definitions and Assumption

Throughout this paper, the following definitions and

assumption are considered.

Definition 1. A diagonal matrix with its main diagonal entries

a,,a,,...,a, is described as diag|a,,a,,...,a,].

Definition 2. The eigenvalues, eigenvectors, and basis for the
eigenspace of matrices 4 and B (where 4,BeR"™ ) are
defined as follow.

Jo=[Jydred, | AT, =2,
Jy=[yodpeidy s Bl =yidy, i=lon. ()

i=1,...,n, (1)

Definition 3. Matrices 4 and B are simultaneously similar to
a) a common block diagonal form consisting of a submatrix of
order rxr , if there exists a nonsingular matrix P such that

A=P4AP=diag| 4,4, |,B = P"'BP = diag| B,,,B,, | .
b) a common block triangular form consisting of a submatrix of

order rxr , if there exists a matrix P such that

. A4, A4, ~ B, B
A=plap=|"n o ,B:PABP: o , )
_0 AZZ_ _0 22 |
or
- (4 1 - (B 0]
d=piap=|t 0 JB=p'BP=|"" |, @
_AZI A22_ _BZI BZZ

where A4,,B, eR™ , 4,,B,eR""" 4,,B, eR""" and

4,8, e RO

22
Assumption 1. Matrices 4 and B are diagonalizable.
3. Main Results

Consider linear time invariant delay systems represented by
the following state space model

¥ (1)=Ax (1)+Bx (1 7). 5)

where 4 and B are given nxn real constant matrices, x € R”
is the state vector, and 7 is a positive real number. Many
research works have been carried out on the analysis of the
systems represented by the above model.

Lemma 1. Consider two nxn real constant and nonsingular
matrices. There exists a nonsingular transformation matrix

L, T, .
T=lp 7 T eR™, (6)
a In

that transforms the columns (rows) of one matrix to the columns
(rows) of another matrix, such that 7;, and 7,, are nonsingular

matrices for r=1,...,n. O

Proof. Since the transformation matrix is nonsingular, there
exists a minor with an arbitrary admissible dimensional such
that it is nonsingular. Thus, by using elementary row (column)
operations, the claim can be established. ]

From now on it is assumed that the leading principal minors

of the transformation matrix are nonzero.

When system (5) is decomposable into two or more separate
or cascade sub-systems, since dimension of the sub-systems is
less than dimension of the main system then the properties of
the main system could be obtained in more efficient ways.
Besides, system (5) is decomposable when its matrices are
simultaneously similar to a block diagonal or triangular form.
Let two matrices are simultaneously similar to the block
diagonal or triangular form. Then, there would be several
transformation matrices to obtain the desired form. A special
kind of these transformation matrices is discussed in the
following lemma.

Lemma 2. A necessary and sufficient condition for 4 and B
to be simultaneously similar to

(a) a block upper triangular form consisting of a submatrix of
order rxr is the existence of an eigenspace of B (4 ) such
that

b -1 "all "2112 D -1
A=J;'4), = 21 B=J,'BJ,=B,, ™)
0 4,

(b) a block lower triangular form consisting of a submatrix of
order rxr is the existence of an eigenspace of B (A4 ) such
that

. 4, 0] .
A=J;1AJB={A” . },B=J;IBJB=BJ, ®)

AZI AZZ
(c) a block diagonal form consisting of a submatrix of order
rxr is the existence of an eigenspace of B ( A4 ) such that

A=J;'a), =diag| 4, 4, |.B=J;'BI,=B,, (9

where A4, eR™ A, eR™0

s

Ay € R and B, = diag[m,“',?/n] . o

Proof. (a) Suppose 4 and B are simultaneously decomposable
to a block upper triangular form according to Definition 3. Then
the proof is followed considering the following linear matrix
equation

B,R-RB,,+B,=0, (10)

where Re R”") . Since B is diagonalizable, the columns of
B,, and the rows of B,, span the columns and rows of B,

respectively. Therefore (10) has a solution [16]. Matrix P~'BP
is diagonalized by the similarity transformation

J.  RJ,
F:{g‘* Ju’%}, (1D

By,

where J; and J; = are the eigenspaces of B, and B,, ,i.e.,

-1 -1 ~ ~
FpigpE Ji —JuRI|[B, B,/ R,
0 J Lo B, 0 J |.(12)
:diag[}/l;-~,]/r,7,+1,-~~,;/n]:BJ,

Let the eigenspace of B be defined by J, = PF . Thus, 4 is
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transformed to the block upper triangular form via J, , i.e.,

JH =R 4 4. J, RI, N
J;IAJB — By ‘EIII All ‘?]2 By By — A ’(13)
0 Jép 0 A,|l © J[;ﬂ

where

e
To, A5, A =3, And

A]I
TR (14)
AIZ:JBH(AIIR_RAZZ-'—AIZ)JEH'

The converse of the proof is obtained from Definition 3.
Thus the claim is established.
(b) The proof of this part is similar to (a).
(c) It is immediate from (a) where 2112 =0. u

According to Lemma 2, two matrices are simultaneously
similar to block diagonal or triangular form based on their
eigenspaces. Though, the structure of the eigenspaces is
unknown, but the linear transformation between them has a
special property. It is easier to check this property than to find a
desired eigenspace. This property is introduced in Theorem 1.

Theorem 1. Consider transformation matrix 7' that linearly
transforms a basis for the eigenspace of matrix 4 (J,) to a
basis for the eigenspace of matrix B (J, ). 4 and B are

simultaneously similar to a common block diagonal form
consisting of a submatrix of order »xr if and only if the i-th

row and the j -th column of matrix 7,,7;;' and the j -th row
and the i-th column of matrix 7,,7;," are equal to zero while the
i-th and the r+ j -th eigenvalues of 4 be none identical for
i=1,...,r and j=1,...,n—7r. m]

Proof. Let matrices 4 and B are simultaneously similar to a
common block diagonal form consisting of a submatrix of order

rxr . Then, there exist matrix 7 and an eigenspace of matrix
B such that satisfy Definition 3, Lemma 1, and J,=J,T .

Based on (9), the following relation is obtained.

A=TJ AT T =T diag[h, - 22y 52, 1T s)
=T"'diag[4, , A, IT = diagl 4, 4,,],
where A, =diag[4,,---,A,] and A, =diag[4,,,,---,4,] . After

multiplying both sides of (15) by T', the following relation is
obtained
diag[AJI,AJJTdeiag[/AlH,,zln}:
AJ,TH_THAH AJ‘7;2_7]2A22 -0 (16)
AJZTZI 7T21All AJszz 7T22Azz
Since 7 is a linear transformation for two eigenspaces,
matrices 7, and 7,, are nonsingular, according to Lemma 1.
Let define matrices 21“ and 12122 as follow
A,=T'4,T

s

a7
(18)

11

Ay, = Tziz]AA/2 T, .

From (16), (17), and (18), the following equations are obtained

AJZTZITHI 77‘217;;1"4], =0,
AJ‘7{2T2;1 _T]sz?zlA‘/2 =0.

(19)
(20)
These equations are a special form of the Sylvester equation. By

using the Kronecker product (® ) and the vec-operator (Vec ),
one can get the following relations

, 1)
(22)

(1, ®4, -4 ®1,., Vee(T,T,") =0
(1, @4, -4, ©1,)Vee(T,T5') =0,

where /, is the identity matrix of size » . Due to Assumption 1,

these equations are rewritten as follow.

diag[ ., — Al = Iy,
l 7ﬁ'r’“.’ﬁ'n7ﬂ'r]Vec(TZIT;Il):0’

T+l

diag[/'i] ,ﬂrﬂy...’ﬂr 7ﬂ-+1”":

A=Ay —ln]Vec(leTz‘Z‘) =0.

Since (23) and (24) must be satisfied, then if the i -th and the
r+ j -th eigenvalues of 4 be none identical, the i-th row and

(23)

24

the j -th column of 7,,7;;' must be equal to zero. Similarly, the
i -th column and the j -th row of 7;,7,,' must be equal to zero

if the i-th and the » + j -th eigenvalues of 4 be none identical.

The reverse part of the proof is explained as follows. A basis
for the eigenspace of B is applied to 4 and B, therefore (9)
and (25) are obtained.

A, 4
J; AT, =T'1diag[AJl,A‘,ZJT=l: N 32}. (25)
AZ] AZZ

After multiplying both sides of (25) by 7 , the following

relation is obtained.
|:A11 0 :|T—T|: 11 A12:|
0 AJz A21 A22
_ AJ‘7}1 _TnAu _le‘421 AA/,TI‘Z_TIZAIZ_TIIAIZ
AJszl _TZIAII _T22A21 AJszz _TZZAIZ _TmAlz

o

_ AJ‘7}1 _Y;IA]] AJITIZ _TIZAIZ
AJ:T21 _TZIAII A./ZTzz _T22A]2

_{le Tn}ﬁz, 01,
T, T,] o 12112

,21” and ,:122 are defined in (17) and (18), respectively. Due to

Assumption 1 and these definitions, the first matrix in (26) is
equal to zero. Moreover, since 7 is nonsingular, the following
relation is achieved.

diag| Ay, 4, |=0. @7)

Thus 1:112 and 1:121 are 0 and the claim is established. [ ]

If the condition of Theorem 1 is satisfied then the system can
be written as many separate sub-systems with small dimensions.
Although, the off-diagonal blocks of the transformed matrices
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are equal to zero for a common block diagonal form, but it is
sufficient that one of the off-diagonal blocks be zero for
reaching a common triangular form. Hence, the following
theorem is straightforwardly obtained from the explained point
and Theorem 1.

Theorem 2. Let transformation matrix (6) transforms linearly a
basis for the eigenspace of matrix 4 (J,) to a basis for the
eigenspace of matrix B (J, ). 4 and B are simultaneously

similar to a common triangular form consisting of a submatrix
of order »xr if and only if the i-th row and the j -th column

of T,,T;;" or the j -th row and the i-th column of 7,,7;,' be
equal to zero while the i-th and the r + j -th eigenvalues of 4
be none identical for i=1,...,r and j=1,...,n—7r. m]

Proof. It is followed by similar arguments of Theorem 1. =
Since T7,7;;' and T,T,' constitute the conditions of

Theorems 1 and 2, therefore 7 is defined to generate these two

matrices.
-1 —
fw:T I, 0 — I, leTzz1 .
0 T L' 1,

n—r

(28)

Therefore, the conditions of the theorems can be easily
checked by a glimpse of zero elements of 7 . However, it is not
necessary to compute matrix T for a special kind of matrices.
These cases are introduced in the following corollary.

Corollary 1. If eigenvalues of 4 or B be equal with each
other and it is diagonalizable, then the system can be separated
into n sub-systems with dimension one. o

Proof. Since all eigenvalues are equal with each other, there is
1

not any constrains on element of matrices 7, 7;,' and T,,7,,' .
Therefore, the assumption of Theorem 1 will be satisfied. m
4. Illustrative Examples

Example 1. Consider system (5) where

2445 259302 1717 103242 3112 20642 58 2232
161 161 161 161 161 1 23 23
15 23 57 23 36 232 )
_ 14772 14772 77 >
45 1395 10322 2545 503 2062 5038 35,223
161 " 161 322 1612 161 " 161 46 2302
1801 2593 778 51612 1395 10322 57 223
322 "16H2 161 161 161 161 46" 232
’2418i26261/§ 19 27 26 27 3433 11125 7]
161 161 7 72 7 72 161 1612
22 27 1 27 22 27 29 27
B 7 142 7142 7 142 7 142
864 4631 5,27 9,27 1452 26262
161 3222 7 72 7 72 161 161
1048 13132 13 27 20 27 1153 11125
L 161 161 7 1402 7 142 161 32202
The  characteristic ~ equation of the system is
C(s,r)=det(s/,—A—Be™) . For s,=0.5j and 7,=0.57 ,
since C(sy,7,) =0 , oC/or|_ . =0 and
oC/ os =0, therefore the characteristic equation has a

v=sy,7=7)

semisimple root at s, with multiplicity 2 according to [7]. Thus,

the cluster treatment of characteristic roots method which
proposed in [6] cannot be employed to analyze the stability of
the system, unless the system is decomposed into some separate
or cascade sub-systems. The bases for the eigenspace of the
matrices are obtained as follow.

-2 0 —2.1174 -0.8825
0.2519 1.5597 0.1174 -1.1174
17113740 —0.7798 1 1
1 0 1 1
-2 0 -2 -0.2387
| -29740 19998 0 0.2387
57129870 -0.9999 1 0
1 0 1 0

It is concluded by substituting of these eigenspaces into (28)

that matrix T is the identity matrix of size 4. According to the
Theorem 1, this system can be decomposed to two sub-systems
with dimension 2 by using the linear transformation as

x(¢)=Jzp(f) . Thus, the new system, and sub-system 1 and
sub-system 2 are determined as follows.

j/(t) = diag[A”,;lzz}y(t) + diag[B“,l-A}zz}y(t - T) , (29)

(O =4y @O+By(-1), (30)
P, (1) = Ay, (1) + Boy, (1-17) 31
where
. [-32389 099997 . [-10.6167 -18181
"1 23.2102 -0.0129 2 | -4.1891 3 |

N 1.5 0.5065 | 3 4.1891
B, = ,By, =
0.5065 1.5 4.1891 3

Now, the cluster treatment of the characteristic roots
technique is applied for every sub-system to determine the
stability of the system. Sub-system 1 has two sets of roots on the
imaginary axis as s, =1.4089; , 7, =-4.3116+4.4593k and
5,=0.5/, 7, =0.5(8kz—7z) for k=1,2,.... Sub-system 2
has two sets of roots on the imaginary axis as s, =s,,7; =7,

and s, =1.5155j,7, =-0.8882+4.1458k for k=1.2,...

k

Therefore, the system is stable for 0 <z <7, . Fig. 1 illustrates

these conclusions.

Example 2. Consider the following time delay system [17].
. -3 25 1.5 25
x(z)—[l 05}(:){_0’5 _1.5}(;71). (32)

The eigenvalues of matrix B are —1 and 1, thus the

Assumption 1 is satisfied. Now matrices T and T are
computed according to (17) as follows

1 10 [=25 -1 . 1 0
T = =T= .
[—5 —1} { 1 1} {—23/3 J

By considering »=1 in Theorem 1, 4 and B can be
reduced to a common triangular form, because 7,7, is equal to
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zero. According to Theorem 1, the new system can be obtained
from the linear transformation as follows.

1 1

x(t)z{_s _J »(t). (33)

By using this mapping, the stability analysis of system (32)
is equivalent to analysis of the following sub-systems.
n(@) =20 +xn(-1), (34)
N0 =115y,(6)=0.5,(N - 12y,(t —7) = y,(t —7) . (35)

Then, Lambert w -function can be employed to analyze
stability of these sub-systems.

Imis)

0.02 0.01 0 0.01 0.02 0.03 0.04
Re(s)
Fig. 1. The root locus of the system near the imaginary axis, for
0<7<4.7.

5. Conclusions

In this paper possibility of the existence of simultaneously
block triangular or diagonal forms for two given matrices are
investigated. The proposed necessary and sufficient conditions
are depended only to the eigenvalues and eigenvectors of the
matrices. By using an eigenspace of matrices of a time delay
system, the system is divided into some separate and cascade
sub-systems with lesser dimension than the original one. The
presented Theorems can be extended to set of finite matrices
and time delay systems with multiple delays.
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