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Absfiact - The Webb, Mclntyre' Conradi
(WMC) distribution has been often used to

approximate the APD (avalenche photodiode)

receiver output statistics. In this paper we
present sorne interesting properties of WMC
distribution whlch shed new light on the
subject .A recursion relation for calculating

the probability distribution for gains in
physical avalanche diode is derived.

l.INTRODUCTION

The introduction of the WMC distribution
greatly simplifies the APD model. Recently it has
been shown, t9l, [0], ttrat the WMC distribution and
inverse Gaussian distibution are of the same type. By
using this fact Duma[2] (1996) and Tang and Letaief

[1] (1998) have obtained expressions for the moment
generating function (MGF) and cumulant generating
function (CGF) of WMC distribution, a key element
which is needed in various BER (bit-error-rate)
evaluation methods I l] and to estimate the sensitivity
of backscaffering technique [2].This paper presents
new properties of the WMC distribution which allows
certain comparison with normal disribution and exact
distribution for secondary electrons generated in APD.

2. APD MODEL

The avalanche detector is a device in which
therma.lly or optically generated hole-electron pairs
generate additional hole-electron pairs through
collision ionizations. This statistical process is called
avalanche multiplication.

Consider the probabilities P(n/n) that /, initial
carriers will result in a total of z pairs. P(n/n) had
been originally derived from special cases by
Mclntyre [4] and verified experimentally by Conradi ,
and was rigorously proven by P.Balaban,
P.E.Fleischer, and H.Zucker [8].

Personick t3l has shown that the moment
generating function

@

M(e'  ) :  LPTn/ l1e '^  ( l )
m = l

of the gain g of the diode is given implicitly by

I
s = lnlutr-=1: ln[(I-a)lul+al e)r-k

where

r+ k(G -r)_:_G_
in terms of the average gain of the diode G:EG) and
t- the ionization ratio ofholes to electons.

P(n/n) is the n-fold convolution of P(n/l) with
itself:

PQn/nfP'"(m/l). (3)
Let M,(e') be the moment generating firnction of
P(riln):

a-
Mr("')= | f6th)e'^ (4)

Using (3) one can nnn" 1i,?rl:l,l(z) where z:e".
From (2) and (a) Balaban, Fleischer and Zucker [8]

obtanP(nt/n):

nlO 
- kXG - l)lm-nr(-r-)[l + kLC - l)]c

p ( n / n ) =  u  l - K  \ t  / S )
( l -k)c(m-n)!F(c)

.  n + k ( m - n )  _ .
where: c = ---- -----L.The special case of the

l - k
z:1, which describes the gain g distibution has been
derived by Mazo and Salz [12].

Consider a point process representing the primary
(photon-generated) caniers. Let the number of these
carriers generated within the time interval [0, A/ ) be
described by the discrete random variable No, . Let

q, = Pr(N a, = n). lt the detector is illuminated

by incident power p(t) then the average number of
elechon-hole pairs rz generated in time Al is

V = ! p(t)N +.tr o$th f  . ,

where )"g is the dark current in number ofpairs /sec.,

f is the optical fiequency, q is the quantum

efficiency and fr is Planck's constant.
The electron count m generated over the A/

second observation time is a random variable
governed by the randomness of the field
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photodetection and avalanche amptification. The
probability distribution of nr electrons occurring after
avalanche multiplication is given by

P(m)--\ t ,P(mln).  (6)

If the actual n*f.o of electon-hole pairs
generated in time A/ is a Poisson process, where

_ @), e-,
Qn =-= 

n!
the random variable zr is characterized by the Conradi
distibution

n -

P(m) =iu" !-!f ptu/n). (i)
n=l n!

Standard system analysis is complicated by the
complexity of the counting model in (2). A useful
approximation is given by Webb, Mclntyre, and
Conradi [7 ] as

where k=effective ionization ratio, G=average

avalanche Calrr., m =nG,o2 =EGzF ,

F = kG +[(2 - c-r)(1- e)]
I

I  = (nF\z /  (F - I)  .
For the APD model the current i(1.) is

me
ift) =::_

At
where e is the charge of an elecfion. The WMC
probability densiry function for the output current of
diode i(t/ is (9):

where o, = 63- , M = UG =nean ou6ut' L t a t

cwTent.

A. Avalanche Goin Statistics

Taking the derivative in (2) we obtain(10)

/|M

fft"tr 
- rl- rtt - a)Ml = M2(l - kxl - a)+ a(t - k)Ml

Note that (10) is singular when

M ( s ^ l -  
a  l -  k

1 - a  k

beyond which M(s) does not exists.Clearly, for s)so
dI4/^<0, which leads to a contradiction. Notice also
that aWasto as sts" (lnMis said to be steep).

Using (10) after multiplication by lrft and
integration we find:

(dn) rul (s) - (b/ (n+ r )) it' 
I 
6) = rfu0rt ds + elrut ds ( I I )

,"t,1t r=1t -aX | -k), b=(t-a)k Md e=41 -k).

Substituing M"(d), gven by (l) and IN=M, given
in (4), in (ll) it is easy to obtain the following
recurrence relations (rellabelling P(n/n)= p^, and
P(nt/l)=p-):

i -  n
p  = - ! i - 4 ' -  l ) -  \  -

" '  1 i '  n ) ' ( n ' D ' e  L  P i ' P i  i ' '  Q 2 )
j = r

In the particular case n: I one obtains

py=((2t-l\4-t Qr+2tb\{p? lz+prpzr-r+......*p",p,-, I

p z t - t12 t e)r ((2 I + l) b + 2rW p 2f w a - i ...+ p p t-,, 
t t'''

From (5) one easily obtains Pnn:71't(t-t). We can
find P*n in another way. We write (2) as follows:

r'1 '-,,.r:-' ', 
11:-t--t'-

n

( ( t - a ) . M - a ) t  h  ( ( t -  o ) . M + a \ t  k

If s--+ -o, we obtain P\fdrt(t'k'); Mg)-+0 when
s - + - @ .

Similarly, an equivalent form of (12) result:

, -  n

P . = - -  
, n  . \ -

, , ,  
e.( i  _ n,t  /  t  1bi - r) 'Pr 'P 

i ,n (12')
j : r

This result is consistent with (5). For the particular
case rrl the equivalence was demonsfated by D-R.
Popescu of Bucharest University [14]. We hope that
these results can reduce the computing time and
improve the accuracy.20

Th€ probablties P(flYl) and P(trr/s),k:o 0333 G:50

Fig. I The probabiliry distribution of ApD gain whwn
G is 50 and 1e0.0333..
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B. Cumulan$ of P(m)-Conradi distribution

Let gkbe ga;n for the,t-th incoming electron, z the

Poison distributed number of prirnary electron emitted
in an interval Al and zr the number ofelectrons after
multiplication

-: frr
I

Let now M(e") be the generating function of
P(rill),N(d) that of the Poisson distribution and Q(e)
for P(m). We define the cumulant generating functions
KuG)= lnM(d), Kp(s)= lnN(d) andKeG): lnQ@).

It can be shown that KdTFKN(Kr(s)). Since

K{s)= 2("s - l) one obtains:

x{sf  n(M(e ' )  -  l ) .
This implies

a'xeF) 1 _- aiub)1
dst I s=0 dst I s=0

Thus the cumulants of P(m) *" ,E1gi 7 *no"

nki ) are the moments of g. These can be
calculated from the following recursive relations

2l - l
E(st ) = lti,Fi

j : l

l / r [Att,  A2t,. . . ,  A4-i]
VrfVA

i.e. an inverse Gaussian( Wald) distribution with

parameters b = ),2, rlIt] [9].
In[9] the cumulant generating function (14)

I '  r l
Y, (t) = iBt + v u at) = iBt + 4t 1. -TY I

l '  
u')

is obtained.The first four cumulants coresponding to
random variable Y are
kt= A+B= M =meanoutputcurrent ;

k, = A2 f $ = 6'2 : variance of the diode

cunent; k, = 3A'/bz - 3os7u-r ,k+ = l5oa )r-2 ,
and generally, when r ) 2

k, = l' 3' 5'.. ;(2r - 3)o' 12-' (t 5)
The first two cumulants of the Conradi disribution

and for the WMC distribution are ide,ntical but the
cumulants oforder n >3 are entirely different

For the random variable / the central moments p.
can be obtained by a recurrence relation starting from
the cumulants ,t, that is

r - l

l t ,+r  = k,+t* lC1' r . , t rpr_ j  ,  r22 (16)
j = l

with p1 = 0 and Fz = kz.
Using (14) the following property may be shown

Pl. When Y1,Y2,...,Y, are independent random

variables and { is distributed according to (9) with

parameters Mi,6;,.,1 , then the dishibution of

Z = dZ y, is also of form (9) with

n t n

M =  dZ  M , ,  o2  =  d ' 2o7  ,  t r z  =211
i = l  , = l  i = l

This follows from (12) if we note that
A o 1 o
b = 7 = 7 = c o n s t a n t '

(for a given APD). If d--l/nwe obtain: the arithmetic
mean ofn independent, identically distributed random
WMC variables with pdf (9) has a WMC pdf with
parzrmeters:

Mr:M, or2:dln,l12=nL2 (17)

We can see that M,oz ,A2 are proportional to the

average photogenerated charge per pulse when {
represents the current of the diode in the r:-th Al
intewal.

The assumption ttrat the statistical distribution of
the ouput voltage pulse amplitude can also be
represented by the satistical distribution of the
integrated charge per pulse fiom the detector itself
(the fnst central assumption of Conradi in t6l ) is
strictly true only for int€grate and dump receiver.

0 0
0 0
0 0

(2t-214 0
(21- l )a2 -21+2 (21- l )a3

and a;-k-(, a2=)(l-ls), at=17

3. WMC DISTRIBUTIONS

We seek the statistics of the random total number z
of hole-electron pairs which result ultimately through
collision ionization's as given by (3), and of the ou@ut
cvrfenti(t) withpdfgivenby(4). In (9) it is usetul
to make the substitution

( J  = l + Y -  
M

o)"
or, equivalently

Y= oA,U + M -o) .= AU +B (13)
One obtains the probability density function for the
random variable U

,  \  2"  - -  - f  @-D'n ' )p\u)=-- -exP1 -  ^  - f
,l2m' I zu )

3 t 6
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*0. t ) = - ft o * #{"y', - * +"1'l
( t  E)

lf i =l in (18), then one obtains the expression (5)
in [7] derived by House in his dissertation (see also
l l3D.
P3. Using (10) and (ll) one obtains the cumulative
distribution function of a WMC distibution (16)

F y ( y l = G : + 4 - J . "  -  , 2 1 ' . c i  L  . Y -  
j - ! ' i

, . t tA(y-  B)  I  \  xe j -  4 l

where t =JnF/@-t), A=MF/(F-I), B=-Ivr/(F-r)
and q.) is the standard gaussian distribution function.

P4. If lis WMC disfibuted with parameters M, q X
5q as o/2.4(F-l) approaches 0, the distribution of I
becomes normal with mean Mand variutce d.
Proof:

|  , . .  . 2 2  \ \
l i m  Y  

" ( t ) =  
I i n  i B r - b l - 1 . 4 "  ! - !  -  . :

F + l  4 - ^ ,  ,  b  Z b z  t i
b

I im  Y  
"1 t7= i741  

-6  . t . .
F ) l  2

P5. WMC distribution firnction is an infinitelv
divisible distribution.

P6. The saddlepoint approximation for the pdf for the
arithmetic mean of n independent identically
distributed random WMC variables, is also WMC pdf
with the parameters given by (17).

4. CONCLUSIONS

A number of problems are considerate
relevant to understanding ofthe exact distribution and
an approximation of the APD statistics which is called
the WMC disribution. tn this paper we derived a
recunence relation for calculating the probability
dishibution for APD gain and list some interesting
properties of WMC distribution and exact distribution.

V2. Int g"be the effective gain of a APD
g" = rnffi .The disnibution of the random variable g"
is WMC.The cumulant generating function may be
calculated to give
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