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Abstract 
 

Chua’s circuit, which demonstrates one of the most 
complicated nonlinear dynamical behaviors, i.e. chaos, 
contains a three-segment Piecewise Affine (PWA) resistor as 
the unique nonlinear element. In this study, the non-smooth 
nonlinearity of Chua’s circuit represented by absolute value 
is approximated with employing the (smooth) lncosh 
nonlinearity. In contrast to the other smooth 
approximation, the �� �����	
���  approximation has the 
property of yielding the absolute value nonlinearity � as 
the limit case when � parameter goes to infinity. The 
bifurcation maps and attractors of introduced Chua’s 
circuit obtained for different � parameters are presented in 
the paper in a comparative way. Computer simulations 
show that lncosh approximation preserves the chaotic 
behavior and hence provides the possibility of analyzing the 
behavior of the Chua’s circuit by the methods requiring 
smoothness.  

 
1. Introduction 

 
Chua’s circuit is a simple electronic circuit as shown in Fig.1 

that exhibits complex nonlinear dynamics such as chaos. The 
circuit has a nonlinear (piecewise affine) resistor which results a 
piecewise linear system in the state space form of 
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a PWA function describing electrical response of the nonlinear 
resistor. Since the PWA function which represents the 
characteristic of the nonlinear resistor is non-smooth and non-
differentiable, it has been substituted by various nonlinear 
smooth functions, e.g. cubic polynomial [1,2], cubic-like 
functions [3,4,5],  sigmoid and signum functions [6], etc. 
Bifurcation analysis and different attractors of standard Chua’s 
circuit and Chua’s circuit with these nonlinearities has been 
presented extensively in literature [7].  

In this study, a nonlinear function is proposed to substitute 
this PWA function providing smoothness and also 
differentiability. By adjusting a parameter, the proposed smooth 
nonlinearity has the property to approximate with a sufficiently 
small error to the PWA function in standard Chua’s circuit. In 

this regard, for different values of the control parameter, the 
bifurcation maps and different attractors of Chua’s circuit with 
the smooth nonlinearity are presented.  

The organization of the sections of this study is as follows. 
Section 2 describes the smooth nonlinear function and the 
emergence of the new mathematical model for Chua’s circuit 
exploiting this nonlinear function. In Section 3, the bifurcation  

 

 
 

Fig. 1. Chua’s circuit  
 

maps and attractors of Chua’s circuit with the smooth 
nonlinearity are presented in order to show the behavior of this 
circuit. Finally, the main conclusions of the paper are 
summarized in Section 4. 

 
2. Chua’s circuit with a smooth nonlinearity 

 
The system in (1) can be written in the dimensionless form 

[7] as   
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where the PWA function is 
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The non-smoothness of function �
- � is caused by absolute 

value functions which can be approximated by &� � , .
�
/ 012345�6
&� � ,��  and &� � , . �

/ 012345�6
&� � ,��  with 
adjusting �. The approximation becomes an exact representation 
when 6 7 8. For sufficiently large � it is obvious 
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Fig. 2. PWA function and its approximations with different � 
values 

 
that the function �
- �  can be approximated with sufficiently 
small error as shown in Fig. 2 and the mathematical model of 
Chua’s circuit with smooth approximation becomes 
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(4) 

 
where the smooth approximated nonlinearity is 
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3. Bifurcation maps and attractors of Chua’s circuit 

with the smooth nonlinearity  
 

The Chua’s circuit shown in Fig. 1, using the proposed 
smooth nonlinearity is simulated with the parameters fixed to 
' � < , ) � ,== >? , * � =-=,@ , +! � �A >? and +� � �B >?  
with regard to previous works [8]. 

The effect of the change of parameter � on the behavior of 
the circuit with proposed smooth nonlinearity can be observed 
with the bifurcation maps in Fig. 3. The bifurcation maps are 
generated from dimensionless equation and show the period 
doublings as the forking which yields period-2 and period-4 etc. 

Fig. 4 shows a simulated period–1, period-2, period-4, 
period-8 limit cycles as well as single scroll and double scroll 
attractors with the bifurcation parameters � =1.5, � =1.66, � 
=1.91, � =1.95, � =2.88, � =4, respectively achieved from the 
Chua’s circuit with smooth nonlinearity. In order to eliminate 
transient response, the simulation results between 50s and 200s 
are presented in Fig. 4. 

 

 
 

Fig. 3. Bifurcation maps for (a) � vs. x1 (b) � vs. x2 (c) � vs. x3  
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Fig. 4. Bifurcation sequence with respect to parameter (a) � =1.5, period-1 limit cycle (b) � =1.66, period-2 limit cycle (c) � =1.91, 
period-4 limit cycle (d) � =1.95, period-8 limit cycle (e) � =2.88, single scroll Chua’s attractor (f) � =4, double scroll Chua’s attractor 

 
4. Conclusions 

 
Chua’s circuit contains a three-segment Piecewise Affine 

(PWA) resistor and demonstrates a wide variety of nonlinear 
behavior one of which is chaos. In this study, the non-smooth 
nonlinearity of Chua’s circuit represented by absolute value is 
approximated with employing the (smooth) lncosh nonlinearity. 
Both the bifurcation maps and attractors of introduced Chua’s 
circuit are presented for different � parameters. Computer 
simulations show that lncosh approximation, when an 
appropriate parameter � is chosen, preserves the chaotic 
behavior and provides the possibility of analyzing the behavior 
of the Chua’s circuit by the methods requiring smoothness. 

As a future work, the work may be extended by 
implementing the nonlinear resistor based on lncosh nonlinearity 
by using opamps and diode elements. Considering the diode V-I 
characteristic is defined by exponential nonlinearity as C� �
�D
EF FGH � ,�, ln nonlinearity can be realized by using opamp-
diode circuit where the diode takes place at the feedback loop of 
the opamp. Cosh nonlinearity consisting of exponentials can 
also be realized by opamp-diode circuit such that the diode takes 
place at the feed-forward part of the opamp connecting the input 
to the (negative) terminal of the opamp. 

The work may also be extended by comparing the lncosh 
nonlinearity to the cubic and other nonlinearities available in the 
literature defining the nonlinear resistor, in terms of some 
performances such as robustness and richness of the chaotic 
behavior. 
 
 
 

 
5. References 

 
[1] G. Q. Zhong, “Implementation of Chua’s circuit with a 

cubic nonlinearity”, IEEE Trans. Circuits Syst. I, vol. 41, 
no. 12, pp. 934–941, December, 1994. 

[2] A. Huang, L. Pivka, C. W. Wu and M. Franz, “Chua's 
equation with cubic nonlinearity”, Int. J. Bifurcation Chaos, 
vol. 6, no. 12A, pp. 2175-2222, December, 1996. 

[3] D. Ginestar, E. Parrilla, J. L. Hueso and J. Riera, 
“Simulation of a cubic-like Chua's oscillator with variable 
characteristic”, Mathematical and Computer Modelling, 
vol. 52, pp. 1211-1218, February, 2010. 

[4] K. O'Donoghue, M. P. Kennedy, P. Forbes, M. Quand and 
S. Jones, “A fast and simple implementation of Chua's 
oscillator with cubic-like nonlinearity”, Int. J. Bifurcation 
Chaos,  vol. 15, no. 9, pp. 2950-2971, January, 2005. 

[5]   K. O'Donoghue, M. P. Kennedy and  P. Forbes, “A fast and 
simple implementation of Chua's oscillator using a "cubic- 
like" Chua diode”, Proc. European Conference on Circuits 
Theory and Design ECCTD'05, 2005, pp. 83-86. 

[6] R. Brown, “Generalizations of the Chua Equations”,   IEEE 
Trans. Circuits Syst. I, vol. 40, no. 11, pp. 878-884, 
November, 1993. 

[7]  E. Bilotto and P. Pantano,  “A Gallery of Chua Attractors”, 
World Scientific Publishing Company, 2008. 

[8] S. Bowong and A. T. Kagou, “Adaptive control for 
linearizable chaotic systems”, Journal of Vibration and 
Control , vol. 12, no.2, pp. 119–137, 2006. 

0 0.5 1 1.5 2
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

x1

x2

0 0.5 1 1.5 2
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

x1

x2

0 0.5 1 1.5 2
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

x1

x2

0 0.5 1 1.5 2
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

x1

x2

-1 0 1 2 3
-0.4

-0.2

0

0.2

0.4

x1

x2

-3 -2 -1 0 1 2 3
-0.4

-0.2

0

0.2

0.4

x1

x2

(a)

(d)

(b) (c)

(e) (f)

331



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


