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Abstract 
 

Recently, due to increased interest in low carbon energy 
supply, installation of renewable energy sources (RESs) 
appears to be a promising solution for generating clean and 
unlimited energy. The penetration of photovoltaics (PVs) in 
distribution networks would definitely affect the power 
system problems such as capacitor installation strategies. 
Therefore, an optimal procedure is proposed herein which 
investigates the simultaneous placement of PV-based 
distributed generations (DGs) and capacitors taking into 
account different load curves, electricity prices, and hourly 
photovoltaic power generation in a daily basis. Moreover, 
the seasonal changes in daily load and renewable 
generations have been also modeled as an impressive factor 
in the founded methodology. The optimization procedure is 
handled with genetic algorithm (GA) and tested on IEEE 
69-bus radial distribution test system aiming at 
minimization of energy losses costs. Focusing on numerical 
studies, the distributed reactive support capability of PVs in 
altering the capacitor placement solutions has been 
discussed in depth to certify their substantial effect. The 
obtained results are encouraging. 

 
1. Introduction 

DGs are promising equipment that can support the 
emergent power grids due to their marvelous capabilities in 
improving the system reliability and facilitating the high 
penetration of renewable energy sources (RESs) [1]. The 
penetration of distributed generation (DG) units is increasing on 
power distribution networks across the world. Likewise, facing 
with the quick development of innovative technologies, some 
technical features such as power losses minimization as well as 
economic benefits such as reduction in long-term planning and 
short-term operational costs motivates the worldwide nations to 
cater the utilization of DGs in their distribution networks [2]. 
Thus, these units are now a motivating option for distribution 
network operators (DNOs) to meet the requirements of their 
customers [3]. The most common types of DGs are the 
conventional diesel-based and renewable-based DGs [4]. 
Renewable-based DGs like wind turbines (WTs) and 
photovoltaic (PV) modules which are depending on weather 
conditions are widely used in smart grid notions [5].  

A high penetration of PV-based DGs on customer side of 
power systems yields in some advantages such as peak load 
shaving, power losses reduction, and so on [6]-[7]. On the other 
hand, due to the practical implementation of innovative 
technologies such as smart grid infrastructure and its control 

capabilities, it has been made possible to install PVs in different 
operating modes such as variable power factor. This ability is in 
essence impressive for both active and reactive power support of 
PV modules to the network. Regarding the demand side of the 
power system, there are different types of consumers such as 
residential loads and also induction motors as the running horse 
of the industry which generally are demanding reactive power 
too. In this way, shunt capacitors are used to improve the 
reactive power provision and obviating some potent technical 
problems [8]-[11]. Thus, capacitors are supplemented at the end 
side of the system for power factor regulation, power loss 
reduction, and maintaining an acceptable voltage profile within 
permissible limits. However, attaining these benefits depends on 
the site, capacity, and number of the capacitors to be installed in 
the network. 

The optimal placement of capacitors in distribution 
networks has been conducted with different objectives such as 
power loss reduction, system capacity release, and voltage 
profile improvement [12]-[13]. In [14], the author has proposed 
a general approach for concurrent allocation of capacitors and 
DGs in active distribution networks considering online 
reconfigurations. Authors in [15] have proposed a probabilistic 
modeling of PV modules and WT generation based on Monte 
Carlo simulation, Gram–Charlie, two point estimate and some 
other methods. They have shown the effect of uncertain and 
geographical-dependent behavior of WTs in active power losses 
reduction. Authors in [16] have presented an optimization 
strategy based on teaching learning algorithm to minimize the 
energy costs and active power losses by optimal placement of 
capacitors in radial distribution systems. As well, intelligent 
algorithms such as genetic algorithm (GA) have been 
successfully proposed for optimal placement of capacitors in 
distribution networks [17]. In [18], an optimal simultaneous 
placement of DGs and capacitors has been proposed for active 
power loss reduction in distribution networks. In this study, DGs 
have been applied assuming variable power factor in order to be 
apt for providing both active and reactive power. 

Considering the smart grid practical implementations and 
the connection facilities of PV modules to the network, these 
units are equipped with power electronics-based power 
converters. The unique control capabilities of these converters 
yield in different operating modes such as interacting of both 
active and reactive power with the main network. Thus, this 
opportunity let us think about the distributed VAr support by PV 
modules and benefiting from this option in technical and 
economical improvement of the network. This feature would 
definitely affect the VAr supporting schemes such as optimal 
placement of capacitors by changing both the site and size of 
capacitors to be installed. Although a vast body of literature has 
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been conducted regarding PV modules optimal placement 
strategies, however, the distributed VAr support of PVs 
necessitates thinking of some new and efficient ones.  

Hence, this paper aims at establishing an optimal placement 
strategy of capacitor banks and PV modules considering the 
reactive support of PVs in a concurrent manner intended for 
energy loss reduction. For the sake of simplicity, the proposed 
planning scheme is assessed in one year time horizon. However, 
a finer attention has been devoted to modeling the seasonal 
changes in daily load curves and geographical input data. 
Moreover, the hourly analysis of the problem has been 
conducted as well to result in a more precise evaluation of the 
planning problem. By determination of optimal sites for PV 
modules, the effect of this allocation in optimal placement of 
capacitors would be analyzed in depth. Specifically speaking, 
the distributed reactive support capability of PV modules in 
optimal capacitor placement has been highlighted in more 
details. The optimization procedure has been formulated as a 
non-linear problem (NLP) and tackled with GA seeking to 
minimize total energy losses cost. To investigate the validity of 
the proposed approach, the IEEE 69-bus radial distribution 
system has been considered as the test-bed. Different numerical 
scenarios have been devised and then evaluated to yield in a 
suitable judgment platform.  

The remainder of this paper is organized as follows. 
Mathematical formulation of the optimization problem is 
presented in section 2. In the sequel, section 3 addresses the GA 
fundamentals and introduces the proposed chromosome for the 
problem. Afterwards, different scenarios have been devised and 
simulated to produce the numerical results as in section 4. 
Eventually, concluding remarks are presented in section 5.   

 
2. Problem Statement and Mathematical Formulation 

 
This section is devoted to present the mathematical 

formulation for optimal allocation of PV modules and 
capacitors. In the following subsections, assumptions, objective 
function considered to be optimized, and also running 
constraints are introduced respectively in depth. 

 
2.1 Assumptions 

 
The planning problem is solved under some effective 

assumptions as follows:  
� Distribution network is assumed to be balanced. 
� There is limited budget for placing of both PV modules 

and capacitors. Therefore, both the number and size of 
the PV modules and capacitors would be limited. 

� PV modules are operated in power factors rather than 
unity allowing them to generate both active and 
reactive power. 

� Different prices of energy losses are supposed during 
a day to bring about a more realistic study. 
 

2.2 Objective Function 
 

PV modules are considered to be installed at different buses 
injecting both active and reactive power to the network. As well, 
capacitors are installed at different buses injecting only reactive 
power to the network. Capacitors and PV systems, due to their 
capabilities, could be utilized to attain numerous objectives such 
as energy losses cost minimization, active power losses 
reduction, and voltage profile improvement. Therefore, the most 

important purpose is to minimize the overall seasonal energy 
losses cost during the planning period. The established objective 
function is represented in (1): 
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Where, cos ht is the energy losses price at hour h, S
hlossP is the 

total power loss of network at season s and hour h.  The total 
active power loss in each season is calculated based on (2).  

2S              
hloss k B rk

k
P R kI Ω= × ∈�  

 
(2) 

Herein, kR and kI are respectively representing the resistance 
and current magnitude in k-th branch, and BrΩ  is denoting the 
set of branches, respectively. Note that, because of different load 
curves and solar radiation for each season, total power losses of 
the network at one specific hour of all season would not be 
similar. In this study, each year is separated into 4 seasons and 
365 days where a usual day for each season contains 24 hours. 

 
2.3 Constraints 

 
The problem of optimal simultaneous allocation of capacitors 

and PV modules in the network is subjected to the following 
equality and inequality constraints. 

 
2.3.1 Power Flow Equations: 

 
The equality constraints (3) and (4) are taken for granting the 

governing of Kirchhoff’s current and voltage equations in power 
flow procedure. The existing power flow equations are modified 
to include the effect of PV modules to generate both active and 
reactive power and capacitors to generate only reactive power to 
the network, as stated in equations (3) and (4). 
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Where, 
i

h
PVP and 

i

h
PVQ  are active and reactive power 

generation by PV module at bus i and hour h respectively. 

i

h
CapQ is reactive power injection by capacitor at hour h.

i

h
LP  and 

Li

hQ represent the active and reactive powers of distribution 

feeders at hour h. hV indicates the bus voltage at hour h. Finally,

ij

hY  and
ij

hθ   are respectively symbolizing the magnitude and 

phase angle of the feeder’s admittance at hour h. 
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2.3.2 Voltage Magnitude Limits: 
 

Suitable constraints are essential to guarantee the voltage 
magnitude to be kept at permissible ranges at each bus and each 
hour. The voltage magnitude for substation buses is maintained 
at 1 p.u.: 

min max ,                  iV VV≤ ≤  (5) 

, 1  p.u.,                         i sV =  (6) 

Here, minV and maxV  are minimum and maximum limits of 
bus voltages respectively. Also, i is the index of buses and s is 
accounting for substation buses of the network. 

 
2.3.4 Apparent Power Flow Limits for Feeders: 

 
It is required to keep the apparent power flow for each feeder 

in its allowable range: 

2 2 max ,k k k BrP Q S k Ω+ ≤ ∈  

 
 

(7) 
 

2.3.5 PV Modules Active and Reactive Power Generation: 
 

The limited budget available for network operators may 
confine the total number and size of installed PV modules. 
Likewise, applying PV modules by power factors rather than 
unity makes them possible to generate both active and reactive 
power. These notations are considered through constraints (8)-
(13) as follows: 

( ) ( )
1/22 2 maxh h

pv pv pvP Q S� �+ ≤� �� 
 

 
(8) 

max                     h
PV PVP P≤  (9) 

max           h
PV PVQ Q≤  (10) 

1tan(cos ( )h h h
PV PV PVQ PF P−= ×  (11) 

( )
PV

PV 1/2
PV PV

=
h

h

h h

PPF
P Q+

 
 

(12) 

max
PV PVN N=  (13) 

Here, h
PVp and h

PVQ  are PV modules’ active and reactive 

power generation at hour h, respectively. max
PVP and max

PVQ  are 
the maximum limits for PV modules active and reactive power 
generation, respectively. max

PVS is the maximum apparent power 

limit for PV modules. Also, h
PVPF  represents the designated 

power factor of PV modules at each hour h. 
 

2.4 Capacitors Reactive Power Injection: 
Determination of installation buses for PV modules, itself 

will have a great influence on the optimal solutions for 
capacitors location. Therefore, it should be modeled as a part of 
optimization process. The maximum number of installed 
capacitors would be taken as max

CapN . Moreover, each candidate 
bus that is selected as an optimal site of capacitors should satisfy 
the maximum amount of allowable reactive power injection 
during each percentage of peak loads at selected bus. The 
following constraints for each season are taken to be observed: 

max
Cp CapN N=   (14) 

max         h
Cap CapQ Q≤  (15) 

 
3. Optimization Technique based on Genetic 

Algorithm  
 

One of the most influential parts in distribution system 
studies is to plan an appropriate solution scheme. As mentioned 
earlier, the established framework under study is a non-linear 
problem (NLP) which is solved using GA. As an intelligent 
search method, GA imitates the biological selection procedure. 
By this way, GA would be suitable to attentively analysis the 
search space and then find the ideal solutions. In [17], authors 
have made benefit of GA in capacitor placement problem. They 
have shown its superior performance compared to other meta-
heuristic algorithms in terms of solution error. One of the key 
advantages of this algorithm originates from its multipoint 
search feature. Thus, it can produce a set of non-dominated 
solutions during the optimization. The tailored features have 
induced us benefitting from GA as the optimization engine 
herein. One of the main steps of the founded methodology 
includes the coding strategy of the proposed chromosome in GA 
which is shown in Fig. 1. As it is shown, at the outset, the initial 
population of possible solutions is generated. Then the available 
solutions are evaluated in order to optimize the objective 
function. This technique is known as evolution process 
implemented by specific operators namely crossover and 
mutation. As it is shown, crossover process produces new 
offspring that will replace some of the old individuals of the 
population. Also, the mutation operator involves selecting a 
specific element of the coded chromosome and altering its gens 
to a different one. To make it short, the most qualified parents 
would be more likely to last and copy their genes to following 
generations [18]-[19] and this cycle will direct GA to find the 
optimal solutions. As it is shown in Fig. 1, in this work, each 
chromosome contains two parts. The first part accounts for 
optimal PV modules placement and the second part accounts for 
optimal capacitors’ site.  Note that, this figure is demonstrating 
the GA procedures for a typical period of planning horizon.  
 

4. Numerical Results and Discussion 
 

4.1 Test System Specifications 
 

As it is demonstrated in Fig. 2, the proposed framework has 
been tested on the well-known IEEE 69-bus radial distribution 
test system. The rated active and reactive power of each bus as 
well as feeders data are taken from [20]. Aggregated daily load 
curves with exact percentage of peak load for each hour of each 
season are displayed in Fig. 3. Considering the test system in its 
base structure, the total peak load of the network is equal with 
3.8019 MW and 2.6941 MVAr. As it is clearly observed, bus 1 
is connected to the sub-transmission network and is assumed as 
the substation. In this paper, the impact of allocating a PV 
module is studied through calculating the power generation of 
modules considering solar radiance for each time segment in 
planning period as shown in Fig. 4. As it is shown, there is no 
any power generation for some specific hours of a day.  
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Fig. 1. Structure of the proposed chromosome. 

Fig. 2. Single line diagram of IEEE 69-bus test system. 

Fig. 3. Mean daily load curves for each season. Fig. 4. Mean PV power generation during a day for each season. 
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In this study, PV modules and capacitors are assumed with 
250 kW active power rate and 300 KVAr reactive power rate, 
respectively. With respect to designated constant power factor of 
0.9, PV modules are allowable to operate with power factors of 
0.9 and unity value. The maximum possible investment capital 
available for DNO limits the maximum number of PV modules 
and capacitors up to max

PVN =2, max
CapN =2, respectively. The 

discrete electricity energy losses prices ($/kWh) during the 
planning period are given in Fig. 5. As it can be observed, three 
different electricity prices have been assumed for three different 
intervals considering percentage of peak load.  

 

 
Fig. 5. Electricity price curve. 

Regarding the GA operators, several distinct runs with 
different values for crossover and mutation rates have been 
conducted. Even though there were not so remarkable 
differences, the best results are obtained with population size of 
60, recombination rate equal with 0.4 and mutation rate of 0.03 
respectively. 
4.2 Multi-Scenario Optimal Allocation of PV Modules and 
Capacitors  

To present a comprehensive analysis, five different scenarios 
have been planned as stated in Table. 1. 

Base plan represents the basic structure of the test case 
without considering any capacitors and PV modules. In the 
following subsections, simulation results are obtained for each 
scenario and discussed in depth. 

Table 1. Investigated numerical scenarios. 

Scenarios 
Placement Strategy 

PV modules Capacitors PVs converter 
power factor 

Scenario 1 
(Base Plan) - - - 

Scenario 2 - � - 
Scenario 3 � - 1 
Scenario 4 � � 1 
Scenario 5 � � 0.9 

 
4.3 Discussion on Numerical Results 

Table. 2 provides the obtained numerical results for test 
system in different scenarios regarding each season as the time 
horizon. For each season, the optimal allocation of capacitors 
and also the optimal installation sites of PV modules have been 
determined. First scenario is the base plan without any 
capacitors and PV modules allocation. As shown, in this 
scenario energy losses cost is different during seasons because 
of different load curves and PV modules power generation. For 
the second scenario, two capacitors allocation could reduce the 
seasonal energy losses and have remarkable effects on total 
energy losses during a year. Also, the third scenario denotes the 
optimum placement of two PV modules in the test system. As 
shown in this scenario, PV modules placement at buses 61 and 
64 could decrease the total energy losses from 17876.4$ to 
15471.0$. Also, as it is obvious, considering PV modules in 
fourth scenario would affect the optimal placement of capacitors 
to be installed and could decrease the seasonal energy losses and 
total energy losses during the planning period. In the fifth 
scenario, by considering simultaneous placement of two PV 
modules with 0.9 power factor and two capacitor units, there has 
been 38.98% reduction in total energy losses cost. These notable 
triumphs with respect to other scenarios are due to applying PV 
modules providing reactive power support too. It is worth noting 
that the concurrent placement of capacitors with PV units not 
only affects the seasonal and total energy losses, but also change 
the placement of capacitors and PV units too. The optimal 
results obtained for the test system in different scenarios has 
been illustrated in Fig. 6 visually. 

Table 2. Optimal seasonal results of IEEE 69-bus test system. 
 

Scenarios 

Placement Strategy 
Total Energy 

Losses Cost ($) 
Saving 

(%) 
Energy Losses Cost  

($) 
Placement Results 
PV 

modules Capacitors 
Spring Summer Autumn Winter 

Scenario 1 
(Base plan) 2792.0 5930.3 4888.4 4265.7 - - 17876.4 - 

Scenario 2 2057.1 4461.3 3643.8 3156.6 - Bus 61, 
Bus 62 13318.8 25.49 

Scenario 3 2516.3 4734.6 4212.8 4007.3 Bus 61, 
Bus 64 - 15471.0 13.45 

Scenario 4 1862.9 3499.1 3128.9 3003.8 Bus 59, 
Bus 62 

Bus 59, 
Bus 65 11494.7 35.70 

Scenario 5 1826.6 3200.5 2955.2 2926.2 Bus 61, 
Bus 62 

Bus 62, 
Bus 65 10908.5 38.98 
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Fig. 6. Total energy losses cost for each scenario during a year.  

 
5. Conclusion  

In this paper, by presenting an efficient mathematical 
formulation, simultaneous allocation of capacitors and PV-based 
DGs have been modeled and tackled based on GA. Different 
numerical scenarios have been conducted on IEEE-69 bus test 
system. In each season, the proposed approach exploited 
different daily load curves, different energy prices in peak loads, 
and hourly mean-power generation of PV units. It was shown 
that applying PV units for supporting reactive power along with 
capacitor placement would have a considerable effect on total 
energy losses cost minimization. This feature of PV modules has 
resulted in change of the installation sites and size of capacitors. 
Consequently, it can be a supporting option for DNOs to 
consider the PV-based DGs with variable power factor capable 
of providing both active and reactive power in expansion 
planning studies such as optimal siting and sizing issues in 
future smart distribution systems. 
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