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Abstract 
  

In this work, a miniature-sized, radio controlled quadrotor 
is modeled and a black-box model is found using real-time 
flight data. The quadrotor which is used in this work is 
equipped with a special telemetry circuit to collect real-time 
data. Euler angles versus motor speeds data is used to 
identify the nonlinear rotational subsystem of the quadrotor 
as a quasi-linear ARX (auto-regressive exogenous) model. 
The ARX model performances are tested and found quite 
satisfactory. 

  
1. Introduction 

  
Quadrotors are very popular because of their ability to hover 

and vertical takeoff and landing (VTOL). As they are commonly 
remote-controlled vehicles, a modeling and control problem 
arises. It is possible to say that the first mini quadrotor concept 
works started to appear in early 2000s and then it turned into a 
development race. Different modeling techniques including 
Newton-Euler and Euler-Lagrange are used by researchers. 
Then the nonlinear dynamics of quadrotor are controlled using 
several controller approaches. Proportional-integral-derivative 
(PID and other combinations), integral backstepping, feedback 
linearization and fuzzy controller techniques are applied. 

In the previous work [1], a Crazyflie quadrotor is used. Real-
time flight data is collected and processed to obtain a grey-box 
quadrotor dynamical model to represent the rotational flight 
dynamics of the quadrotor. The resulting model is compared to 
the flight data and some conclusions are given. 

In this work, the dynamical model for a plus-type quadrotor 
is given. After that the Crazyflie quadrotor is flown and real-
time data is collected. Then this data is analyzed using Matlab to 
find an appropriate ARX (auto-regressive exogenous) model.  

  
2. Dynamical Model of Quadrotor 

  
A quadrotor model can be evaluated in two parts: the motor 

and the body dynamics. The body dynamics can be divided into 
another two: rotational and translational dynamics. See fig. 1.  

 
 

Fig. 1. The sub-blocks of the model 
 

2.1. Reference Coordinate Frames 
  

Before giving the model equations, the coordinate frames and 
Euler angles have to be described. See fig. 2. 

 
  

Fig. 2. Reference frames, rotation angles and rotation rates 
  

The position and orientation of the quadrotor will be given 
relative to a fixed coordinate frame, which is called the inertial 
frame. The X and Y axes of the frame are placed parallel and 
coincident to the ground while Z axis is pointing upwards in a 
right handed configuration. This configuration is also described 
by East, North, Up (ENU) coordinates. 

  
ߞ  ؜ ሺݔ, ,ݕ ሻݖ א Թଷ   (1) 

  
The mobile frame placed to the center of gravity of the 

quadrotor is called the body frame. The XB axis points the 
forward direction of the quadrotor, the YB axis points to the left 
and the ZB axis points up in a right-handed configuration. 

  
2.2. Euler Angles and Rotations 

  
 The most important problem in quadrotor control is its 

orientation in space. The well-known Euler angles 
representation is suitable for this purpose. The Euler angles � 
(roll), ψ (pitch) and ψ (yaw) are the rotation angles about the 
axes X, Y and Z respectively (see fig 2). 

  
ߟ  ؜ ሺ߰, ,ߠ ߶ሻ א Թଷ   (2) 

  
The yaw-pitch-roll (YPR or ZYX) composite rotation matrix 

[2] that transforms an orientation from the body frame to the 
inertial frame is given below.  
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 ܴ ൌ ܴ௭ܴ௬ܴ௫ 
  

The angular velocities (attitude rates) of
and r are shown in fig. 2. 

  
 Ω ؜ ሺ݌, ,ݍ ሻݎ א Թଷ 

  
2.3. Thrusts and Torques 

  
All motor on the quadrotor contribute to 

relative to their angular velocities. It is pos
motor ܯ௜  produces the force ெ݂௜ , which is
square of the angular speed and the total thr
individual thrusts. This is given below 
constant and ω is the speed of motor Mi. 

  
 ெ݂௜ ؜ ݇߱ெ௜ଶ  

  

஻ܨ  ൌ ൥ 00݂௭ ൩ ൌ ൥ 00݇∑߱ெ௜ଶ ൩ 

  
The torques that act about the roll and

given below. 
  

 ߬థ ൌ ெ݂ସ െ ெ݂ଶ 
  

 ߬ఏ ൌ ெ݂ଷ െ ெ݂ଵ 
  

The torque about the yaw axis is diffe
above, and expressed as follows where b is t

  
 ߬ట ൌ ܾሺെ߱ெଵଶ ൅ ߱ெଶଶ െ ߱ெଷଶ ൅

  

 ߬஻ ൌ ൥߬థ߬ఏ߬ట൩ ൌ ቎ ݇ሺ߱ெସଶ െ ߱ெଶ݇ሺ߱ெଷଶ െ ߱ெଶܾሺെ߱ெଵଶ ൅ ߱ெଶଶ െ ߱ெଶ
  

The torques and thrusts are shown in fig. 

  
Fig. 3. Torques and thrus

  
2.4. Equations of Quadrotor Body 

  
This work only covers the rotational dy

due to the lack of precise motion capture sys
It can be said that a traditional quadrotor 

for XB, YB and ZB axes. Thus, its moment o
be symmetrical. 

  (3) 

f the quadrotor: p, q 

  (4) 

the main thrust (lift) 
ssible to say that the 
s proportional to the 
rust is the sum of the 
where k is the lift 

  (5) 

  (6) 

d the pitch axes are 

  (7) 

  (8) 

ferent from the ones 
the drag constant. ൅ ߱ெସଶ ሻ   (9) 

ଶሻଵሻெଷଶ ൅ ߱ெସଶ ሻ቏   (10) 

3. 

 
sts 

ynamics of quadrotor 
stem. 
r body is symmetrical 
of inertia matrix will 

ܫ  ൌ ቎ܫ௫௫ 00 ௬௬0ܫ 0
  
The Newton-Euler based mod

where ܫ௥ represents the total mome
  

 ߱ ؜ െ߱ெଵ ൅ ߱ெଶ െ
  

ሶߗܫ  ൌ ߬஻ െ ߗ ൈ ߗܫ
  

 ൥ ଵܷܷଶܷଷ൩ ؜ ൥߬߬߬
  

ሶ݌   ൌ ௎భூೣೣ ൅ ூ೤೤ିூ೥೥ூೣೣ ݍ
  

ሶݍ  ൌ ௎మூ೤೤ ൅ ூ೥೥ିூೣೣூ೤೤ ݌
  

ሶݎ  ൌ ௎యூ೥೥ ൅ ூೣೣூି೥
  

If the Euler angles �, θ, ψ assu
frame model can be generalized
gyroscopic forces are also consid
neglected. Finally, the following
rotational dynamics are obtained. 

  
 ߶ሷ ൌ ௎భூೣೣ 

  
ሷߠ  ൌ ௎మூ೤೤

  
 ሷ߰ ൌ ௎యூ೥೥

  
2.5. Equations of the Motor M

  
A brushed DC motor model wil

quadrotors. The model is nonline
aerodynamic load of the propeller (

  
Fig. 4. Moto

  
The parameterized model is g

armature voltage and the state varia
  

ሶݔ  ൌ ܽ଴ݑ െ ܽଵݔ
  

The pulse width modulation (PW
the armature voltage as given below

  
 0 ൑ ஽௨௧௬ܯܹܲ ൑ 1, ௔ܸ ൌ ܸ
 

0௬  ௭௭቏   (11)ܫ0

del approach is given below, 
ent of inertia of a rotor. െ ߱ெଷ ൅ ߱ெସ   (12) 

െ ߗ௥ܫ ൈ ൥00߱൩   (13) 

߬థ߬ఏ߬ట൩   (14) 

ݎݍ െ ூೝூೣೣ  (15)    ߱ݍ

ݎ݌ ൅ ூೝூ೤೤  (16)   ߱݌

ିூ೤೤೥೥  (17)   ݍ݌

umed to be small, these body 
d to the inertial frame. The 
dered small and they can be 
g nonlinear equations of the 

    (18) 

೤   (19) 

య೥   (20) 

Model 

ll be sufficient for most of the 
ear because of the nonlinear 
(݇௅ ൌ ݇ ൅ ܾ). See fig. 4. 

 
r model 

given below, where u is the 
able x is the motor speed. ݔ െ ܽଶݔଶ   (21) 

WM) duty can be converted to 
w. 

ௌܸ௨௣௣௟௬ כ  ஽௨௧௬   (22)ܯܹܲ
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3. Quadrotor Platform
  

Crazyflie quadrotor is used in this wor
quadrotor that enables the implementation o
to run on its onboard microcontroller
communication link to a computer. It can b
generic USB joystick. See fig. 5. 

  
Fig. 5. Motor model 

 
3.1. Motor Model Parameters 

  
To identify the motors, a special spee

implemented to one of the motors. The mo
PWM and the battery voltage are record
exciting the motor giving throttle (in open-lo
is converted to the armature voltage using 
voltage. Then the motor parameters are es
box estimation [1]. The final model is given 

  
 ሶ߱ ெ௜ ൌ 0.862446 ௔ܸ െ 6.814507߱ெ௜ െ

  
This model is used on the collected data

speeds from the PWM values. These speed
rest of this work. 

  
4. Identification 

  
A mathematic model for an unknown sys

using collected input-output data. This is c
modeling approach. 

  
4.1. Input-Mixer and Quasi-Linear Q

  
To simplify things, a linear model is the

model is nonlinear but using an input-mixer,
linear system. See fig. 6. 

  
Fig. 6. The input-mixer and the quasi

  
The input-mixer equation is given below

  

′ݑ  ൌ ቎ݑ′ଵݑ′ଶݑ′ଷ቏ ൌ ێێێۏ
ଵ௞ۍ ଵܷଵ௞ ܷଶଵ௕ ܷଷۑۑۑے

ې
 

m 

rk. It is a miniature 
of low-level software 
r. It has a radio 
be controlled using a 

 

ed sensing circuit is 
otor speed, the motor 
ded on the ground, 
oop). Then the PWM 
the battery (supply) 

stimated using grey-
below. 0.006149߱ெ௜ଶ   (23) 

a to obtain the motor 
ds are crucial for the 

stem can be obtained 
called the black-box 

Quadrotor Model 

e best. The quadrotor 
, it can be taught as a 

 
i-linear model 

. 

  (24) 

Thus, the model below becomes
input-mixer is computed. 

  
 ߶ሷ ൌ ܿ଴ݑ′ଵ  ห ܿ

  
ሷߠ  ൌ ܿଵݑ′ଶ   ห ܿ

  
 ሷ߰ ൌ ܿଶݑ′ଷ   ห ܿ

  
4.2. ARX Model Structure 

  
The auto-regressive model that 

in fig. 7 where ݑሺݐሻ is input, ݕሺݐሻ iܤሺݍሻ and 1/ܣሺݍሻ are the output an

  
Fig. 7. ARX

 
The ARX model can be e

polynomial where na is the numbe
of zeros and nk is pure time delay. 

  
  Yሺtሻ ൅ aଵyሺt െ 1ሻ ൅ ڮ ൅       bଵyሺt െ nkሻ ൅ ڮ ൅ b୬ୠyሺt െ n

  
The model parameters ai and bi 

method to minimize the variation 
the measured input-output data. 

  
4.3. Identification Process 

  
To find a suitable ARX model, 

selects a limited amount of com
coefficients then trains an ARX mo
the collected data, iteratively. 

Some clues are inspected and so
reduce the number of trials. 

A priori-knowledge about th
causality. It is known that the nonli
(for each axis). As a second thoug
the past inputs. 

From this starting point, it 
parameter (na) might be 2 and the
(nb) might be 1. Finally, the in
guessed to be non-zero but smaller 

Model orders are given such tha

  
Fig. 8. Roll axis, 

s linear when the output of the 

ܿ଴ ൌ ௞ூೣೣ   (25) 

ܿଵ ൌ ௞ூ೤೤   (26) 

ܿଶ ൌ ௕ூ೥೥   (27) 

has exogenous input is shown 
is output, ݓሺݐሻ is white noise, 

nd the noise transfer functions. 

 
X model 

expressed by the following 
er of poles, nb-1 is the number 

൅ a୬ୟyሺt െ naሻ ൌ nk െ nb ൅ 1ሻ ൅ wሺtሻ   (28) 

are found using least-squares 
between the ARX model and 

a Matlab script is prepared. It 
mbinations for na, nb and nk 

odel with this coefficients and 

ome assumptions are made, to 

he model is its order and 
inear model is of second order 

ght, the model is not related to 

can be said that the order 
e input dependency parameter 
nput delay parameter (nk) is 

than 10. 
at ARX (na,nb,nk). 

 
ARX(2,1,0) 
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Fig. 9. Roll axis, ARX(2,2

 

  
Fig. 10. Roll axis, ARX(2,

 

  
Fig. 11. Roll axis, ARX(4,2

 
An iterative algorithm is used to test 

different na, nb, nk coefficients. Then the t
respect to their RMS error performances. 

The top part of the sorted results is given
 

Table 1. Roll axis models and their p
  

  
Responses of ARX(2,2,0) and ARX(2,1,8

and negative step inputs are given in the foll

 
2,0) 

 
1,8) 

 
2,0) 

ARX models with 
trials are sorted with 

n in table 1. 

performances 

 

8) models to positive 
lowing figures. 

  
Fig. 12. Roll axis, ARX(2

 

  
Fig. 13. Roll axis, ARX(2

 
The model that gives the best 

But the amplitude of its step respo
be true. 

It can be clearly seen that the 
the output of ARX (2,1,8) posit
response makes it negative. Th
exponentially as expected. This co
this axis. The explicit model is give

  
 ߶ሺݖሻ ൌ ସ.ଶଶଶൈଵ଴షఴ ሺଵ ି ଵ.ଽହଽ ௭షభ ା ଴.ଽହ଺଻ ௭

  
The shape of the quadrotor is sy

Thus, the roll axis model can 
Performance of this model with pit

  
Fig. 14. Roll axis,

 
This result proves the assumptio

  
ሻݖሺߠ  ൌ ସ.ଶଶଶൈଵ଴షఴ ሺଵ ି ଵ.ଽହଽ ௭షభ ା ଴.ଽହ଺଻ ௭

 
2,2,0), step responses 

 
2,1,8), step responses 

performance is ARX (2,2,0). 
onse is very small and cannot 

positive step response makes 
tive while the negative step 
he amplitudes are growing 
onfiguration is the choice for 
en below.  

௭షమሻ ሺ߱ெସଶ െ ߱ெଶଶ ሻ(29)   ଼ିݖ 

ymmetric about X and Y axes. 
be used for the pitch axis. 

tch axis data is shown below. 

 
, ARX(4,2,0) 

on. 

௭షమሻ ሺ߱ெଷଶ െ ߱ெଵଶ ሻ(30)   ଼ିݖ 
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The best configuration for the yaw axis is

  
Fig. 15. Yaw axis, ARX(2,

 

  
Fig. 16. Yaw axis, ARX(2,1,8), ste

 
Table 2. Yaw axis models and their p

  

  
ARX(2,1,8) model gives the best perfo

responses are reasonable. Thus, it is the chos
The explicit form of the yaw axis mo

equation below. 
  

 ߰ሺݖሻ ൌ ଵ.ଷ଼ଶൈଵ଴షవ ൫ଵ – ଵ.ଽଽହ ௭షభ ା ଴.ଽଽହ ௭                                כ ሺെ߱ெଵଶ ൅ ߱ெଶଶ െ ߱ெଷଶ ൅

s shown below. 

 
1,8) 

 
ep responses 

performances 

 

ormance and its step 
sen model. 
odel is given in the 

షమ൯ ൅ ߱ெସଶ ሻ(31)    ଼ିݖ 

5. Conclu
  

In this work, a quadrotor is m
approach. And also the motor of th

The Crazyflie quadrotor has n
the motors. The estimated motor 
motor speeds from the collected fli

Motor speeds versus Euler an
ARX models. A different approac
linear model that simplifies the AR
quadrotor model.  

The final ARX models have nk=
software has a relatively big measu
be prevented using more effective s

Validation RMS error perfor
satisfactory, meaning that the work
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