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Abstract 
 

This paper presents a new fault location algorithm for three-
terminal line, which utilises unsynchronised measurements 
of three phase currents and voltages from three line 
terminals. The algorithm consists of three subroutines 
designated for locating faults on particular line sections. The 
valid subroutine is indicated with use of a selection 
procedure. The distributed parameter line model is strictly 
considered for formulating all subroutines. The calculations 
are simple and do not involve iterative calculations. The 
presented results of the ATP-EMTP evaluation prove the 
validity of the fault location algorithm and its high accuracy. 

 
1. Introduction 

 
Accurate location of faults on overhead power lines for the 

inspection-repair purpose [1]–[8] is of vital importance for 
operators and utility staff for expediting service restoration, and 
thus to reduce outage time, operating costs and customer 
complains. 

Different fault location algorithms for three-terminal lines 
(Fig. 1), have been developed so far [1]–[7]. They differ each 
other mainly with respect to the applied input signals of the fault 
locator. However, all are based on an impedance principle, 
making use of the fundamental frequency voltages and currents. 

In [1] usage of synchronised measurements of currents and 
voltages from all three terminals has been considered. 
Distributed parameter models of the line sections have been 
utilised there.  

 Use of three-end unsynchronised measurements of currents 
and voltages has been considered in [2, 3]. The lumped models 
of the line sections were applied in [2]. With the aim of 
improving fault location accuracy, in [3] the distributed 
parameter models of the line sections were taken into 
considerations. Yet another utilisation of three-end 
unsynchronised measurements has been proposed in [4], where 
exchange of minimal amount of information between the line 
terminals over a protection channel was considered. 

Use of incomplete three-end measurements for fault location 
on three-terminal lines was considered in [5]–[7]. In particular, a 
demand and importance of developing fault location algorithms 
utilising only two-end synchronised measurements of voltages 
and currents has been stated in [5]. Complete immunity to 
saturation of current transformers (CTs) was proposed in [6], 
where use of voltage signals alone was considered for fault 
location. In [7] use of three-phase currents from all three line 
terminals and additionally three-phase voltage from the terminal 
at which the fault locator is installed, has been proposed. Such 
specific availability of measurements has been assumed with the 
aim of simple supplementing of the fault location function into 
current differential relays protecting a three-terminal line [7]. 

In this paper, a new algorithm, which utilises unsynchronised 
measurements of three phase currents and voltages from all 
three terminals, is presented. It is assumed, that analytical 
synchronisation of such measurements has to be performed, 
possibly without resorting to synchronising with use of the pre-
fault measurements. In order to assure high accuracy of fault 
location, the distributed parameter line model is strictly utilised. 
The approach from [3] also takes into consideration such model, 
however, the presented here algorithm surpasses the method 
from [3] in simplicity of the needed calculations. The involved 
unknowns: synchronisation angles and the distance to fault, are 
determined here in simple non-iterative calculations. Obtaining 
such simplicity of calculations was possible by basing the 
presented here algorithm on the approach from [8], where 
accurate and at the same time simple fault location algorithm 
designed for two-terminal line, has been introduced. 

The paper starts with derivation of the fault location 
algorithm. Then, the sample results of the through ATP-EMTP 
[9] based evaluation of the algorithm are presented and 
discussed. 

 
2. Basics of Fault Location Algorithm 

 
The circuit diagram of a three-terminal line for considering 

the three-end unsynchronised fault location algorithm is 
presented in Fig. 1. Different kinds of symmetrical components 
of the signals are processed in the algorithm. In general, the 
sequence type is considered as the i-th type, in Fig. 1 marked 
with the subscript i. Then, this type is assumed accordingly. 

In Fig. 1 the phasors of the signals measured the line end B 
are taken as the base, while the measurements from the buses A 
and C have to be analytically synchronised, with use of the 
synchronisation operators Aj�e  and Cj�e , respectively. 

The fault can occur at any of three line sections (faults: FA, 
FB or FC in Fig. 1). The distance to the particular fault, counted 
from the particular bus (A, B or C) up to the fault point, is 
marked as: dA, dB, dC, respectively. There are three hypotheses 
regarding placement of the fault, and in consequence of that also 
three calculation subroutines for locating those hypothetical 
faults. Judgement on selecting the valid subroutine, which gives 
the result consistent with the actual fault, is finally performed. 

 
3. Fault Location Algorithm for Two-Terminal Line 

 
All three subroutines of the presented fault location algorithm 

are based on the two-end unsynchronised fault location 
algorithm presented in [8]. Therefore, the considerations start 
with giving the basics of the cited approach. 

The algorithm from [8] utilises jointly both the j-th and k-th 
symmetrical components, and considers strictly the distributed 
parameter model of a two-terminal line (Fig. 2).  
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Fig. 1. Fault location on three-terminal line using three-end unsynchronised measurements 
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Fig. 2. Unsynchronised two-end fault location considering 
distributed parameter model of faulted line  

 
The input signals of the two-end unsynchronised fault 

location algorithm [8] are: 
)(S kj

V , 
)(R kj

V , 
)(S kj

I , 
)(R kj

I  – 

voltage and current phasors from the terminals S and R, 
respectively, for the j-th and k-th sequences of the symmetrical 
components. In particular, it was proposed to utilise 
simultaneously: 
• for unsymmetrical faults: the positive-sequence (j-th kind) 

and negative-sequence (k-th kind) components, 
• for three-phase balanced fault: the positive-sequence (j-th 

kind) and superimposed positive-sequence (k-th kind) 
components (note: ‘superimposed’ means: ‘fault quantity’ 
minus ‘pre-fault quantity’). 

Digital measurements of the phasors from two line ends are 
considered as the unsynchronised. The measurements from the 
terminal R are assumed as the base, while the phasors from the 
end S are analytically synchronised – with use of the 
synchronisation operator, which is a complex number: 

 
 )�sin(j)�cos(e j ⋅+=δ  (1) 

 
The unknowns of the fault location algorithm are: 

d  – distance to fault, counted from the bus S (p.u.), 
�  – synchronisation operator. 

For the line S-R of the length �  [km], the surge impedance 
1cZ  and the propagation constant 

1
� , as for the positive-

sequence, are only required. This is so, since for all the 
considered kinds of sequences, the line impedance parameters 
become identical and are as for the positive-sequence. 

In [8] the quadratic compact formula for the synchronisation 
operator, in which the unknown distance to fault (d) is not 
involved, was derived. It was obtained with considering the 
distributed parameter line model. The formula is as follows: 

 

 0e)e( j�2j� =++ jkjkjk CBA  (2) 

where: 
the coefficients, calculated with using both: j-th and k-th 
sequence components, are: 

jkkjjk SGSGA −= , 

jkjkkjkjjk SHTGSHTGB −−+= , 

jkkjjk THTHC −= , 

)(S)( kj
VG kj = , 

)()( R1Rc11)(  )cosh( )sinh(
kjkj

VIZH kj �� γ−γ= , 

)(Ac1)( kj
IZS kj −= , 

)()( Rc11R1)(  )cosh( )sinh(
kjkj

IZVT kj �� γ−γ= . 

 
Solution of the quadratic formula (2) gives two solutions for 

the synchronisation operator ( Ij�e , IIj�e ), and thus two values 
for the synchronisation angle (δI, δII). One of the determined 
values of the synchronisation angle (δI or δII) is valid (δv), i.e. is 
consistent with the actual angle. Selection of this valid solution 
can be performed with using the unique solution for the 
synchronisation operator, derived for the lumped line model [8]: 
 

 )�sin( j)�cos(e lump.lump.
j�lump. ⋅+=  (3) 

where: 

jkkj

jkkj

BABA
BCBC

−
−

=δ )cos( lump. , 
jkkj

jkkj

BABA
CACA

−
−

=)�sin( lump. , 

)])((imag[
)(R)(S)(S)(RL1)(RL1)(

***

kjkjkjkjkjkj IVIIZVZA −−= , 

)])((real[
)(R)(S)(S)(RL1)(RL1)(

***

kjkjkjkjkjkj IVIIZVZB +−−= , 

)])((imag[
)(S)(S)(R)(RL1)(RL1)(

***

kjkjkjkjkjkj IVIIZVZC −−−= , 

1LZ  – total positive-sequence line impedance, 
*x  – conjugate of x . 

 
The value of the synchronisation angle obtained from (2): δI 

or δII, which is closer to the unique solution (3), is selected as 
the valid solution (δv). 
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The determined valid solution of the synchronisation angle 
(δv) is then applied for making analytical synchronisation of the 
measurements acquired asynchronously. Having the 
measurements already synchronised, one can determine the 
distance to fault. When processing the positive-sequence 
components (analogously is for the other kinds of symmetrical 
components) one uses the following formula [1]: 

 

 �
�
�

�
�
�
�

�

γ
= −

1

11

1

tanh1
D
N

d
�

 (4) 

where: 
vj�

S11R1c11R11 e)sinh()cosh( VIZVN −γ−γ= �� , 

vj�
S1c11R1c11R11 e)cosh()sinh( IZIZVD −γ−γ= �� , 

vj�
S1eV , vj�

S1eI  – phasors of the positive-sequence voltage and 
current at the end S, analytically synchronised to the respective 
phasors from the end R. 
 
4. Subroutines of Fault Location Algorithm 
 

Fig. 3 presents the circuit diagrams for the i-th sequence 
(where the i-th sequence could be considered as the j-th or k-th 
sequence) for deriving three subroutines: SUB_A (Fig. 3a), 
SUB_B (Fig. 3b), SUB_C (Fig. 3c). In the circuits, the measured 
signals are specified and additionally the currents, voltages 
transferred analytically towards the tap point T (the signals 
marked with the dashed line boxes) are included. 

Analytical transfer of currents and voltages is accomplished 
with applying the distributed parameter model for the line 
sections. For example, in the case of the subroutine SUB_A 
(Fig. 3a) the transfer across the whole unfaulted line section B-T 
(of the length LB� ) is performed according to: 

  
 )sinh()cosh( LB1B1cLB1BTB �� γ−γ= iii IZVV  (5a) 

)cosh()sinh( LB1BLB1
1c

B
TB �� γ+γ

−
= i

i
i I

Z
V

I  (5b) 

 
The other analytical transfers in the circuits of Fig. 3 are to 

be performed analogously to (5a)–(5b). Making such transfers 
allows to determine one of the unknown synchronisation 
operator. For example, in the case of the subroutine SUB_A one 
can compare the voltages at the tap point T – obtained from the 
two transfers: iV TB  (across the section B-T), Cj�

TC eiV  (across 
the section C-T, with included synchronisation). As a result of 
such comparison we get: 

 

 
)sinh()cosh(

)sinh()cosh(
e

LC1C1cLC1C

LB1B1cLB1BCj�

��

��

γ−γ

γ−γ
=

ii

ii

IZV

IZV
 (6) 

 
Having the synchronisation operator (6) calculated, one can 

complete the subroutine SUB_A, with applying the approach 
from [8] to the faulted line section A-T. This involves 
performing calculations according to formulae (2) and (4), with 
additional use of (3) for selecting the valid solution for the 
synchronisation angle. Taking the signals from the line end A 
and the signals transferred analytically towards the tap point T, 
one completes the required set of the input signals for the 
subroutine SUB_A.  
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Fig. 3. Circuit diagrams of three terminal line for the i-th 
sequence for the subroutine: a) SUB_A, b) SUB_B, c) SUB_C 
 

 The assignments for the signals (7a)–(7d) are to be applied 
for the subroutine SUB_A. In these assignments we have on the 
particular sides: 
• left side: the signals of the two-end algorithm [8], 
• right side: the corresponding signals from the ends of the 

line section A-T (Fig. 3a): 
  
 ( ) Aj�

ASUB_A
Sj�

S e:e ii VV =  (7a) 

 ( ) Aj�
ASUB_A

Sj�
S e:e ii II =  (7b) 

 ( ) ii VV TBSUB_AR :=  (7c) 

 ( ) Cj�
TCTBSUB_AR e: iii III +=  (7d) 

Cj�e  – synchronization operator determined in (6). 
 

In the case of the subroutine SUB_B (Fig. 3b), an analytical 
transfer of currents and voltages is performed across the 

a) 

b) 

c) 
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unfaulted sections A-T (of the length LA�  [km]) and C-T (of the 
length LC�  [km]). One can determine the synchronisation 
operator, which allows making the signals from the line end C to 
be synchronised with respect to the signals from the terminal A: 
 

 ( )
)sinh()cosh(

)sinh()cosh(
e

LC1C1cLC1C

LA1A1cLA1A��j AC

��
��

γ−γ

γ−γ
=−

ii

ii

IZV
IZV

 (8) 

 
The following assignments for the subroutine SUB_B have to 

be applied when utilising the approach from [8]: 
 
 ( ) ii VV BSUB_B

Sj�
S :e =  (9a) 

 ( ) ii II BSUB_B
Sj�

S :e =  (9b) 

 
( ) ii VV TASUB_BR :=  (9c) 

 
( ) ( )A�C�j

TCTASUB_BR e: −+= iii III  (9d) 
( )A�C�je −  – synchronization operator determined in (8). 

 
One has to take into account that on the right sides of the 

assignments (9c)–(9d) there are the signals, which are 
synchronised to the line end A, and not to the end B, as assumed 
in Fig. 3b. Therefore, the synchronisation angle yielded by the 
Subroutine SUB_B is: 

 AiSUB_BS �)�( −=  (10) 
 
In the case of the subroutine SUB_C (Fig. 3c), an analytical 

transfer of currents and voltages is performed across the 
unfaulted sections A-T (of the length LA�  [km]) and B-T (of the 

length LB�  [km]) and one can determine the synchronisation 
operator: 

 

 
)sinh()cosh(

)sinh()cosh(
e

LA1A1cLA1A

LB1B1cLB1BAj�

��

��

γγ
γγ

ii

ii

IZV

IZV

−

−
=  (11) 

 
The following assignments for the subroutine SUB_C have to 

be applied when utilising the approach from [8]: 
 

 ( ) ii VV CSUB_C
Sj�

S :e =  (12a) 

 ( ) ii II CSUB_C
Sj�

S :e =  (12b) 

 ( ) ii VV TBSUB_CR :=  (12c) 

 ( ) Aj�
TATBSUB_CR e: iii III +=  (12d) 

( )A�je  – synchronization operator determined in (11). 
 

5. Selection of Valid Subroutine 
 

The following selection indexes are applied, similarly as in 
the fault location algorithm from [1]: 

 
)(abs
)abs(

SEL
TC

TB
TA

i

ii

V
V

=−   (13a) 

 
)(abs
)(abs

SEL
TA

TC
TB

i

ii

V
V

=−   (13b) 

 
)(abs
)(abs

SEL
TB

TA
TC

i

ii

V
V

=−  (13c) 

 
If there is a fault at the section A-T (analogously is for the 

other sections), then the magnitudes of the phasors of voltages 
(for the considered i-th symmetrical component) at the tap point 
T, transferred analytically from the ends B: || TBiV  and C: 

|| TCiV , have to be identical (in practice very close each other). 

For the fault at the section A-T, we have: 1SEL TA ≅−
i , while 

the remaining selection indexes: 1SEL TB ≠−
i , 1SEL TC ≠−

i . 
 

6. ATP-EMTP Evaluation of the Algorithm 
 

ATP-EMTP program [9] was applied to evaluate the 
presented algorithm. The modelled 110 kV test network includes 
three line sections, A-T: 100 km, B-T: 80 km,  
C-T: 50 km, with the positive- and zero-sequence impedances: 

)315.0j0276.0(1L +='Z , ).0271j275.0(0L +='Z  (Ω/km). The 

sources: Ω+=  )69.3j65.0(1SAZ , Ω=   j6.57)+16.1(SA0Z , 

SASB 2= ii ZZ , SASC 3= ii ZZ  were also included behind the line 
terminals. Phase angles of the sources were assumed as follows, 
source A: 0o, source B: –30o and source C: –15o. 

In Fig. 4 the fault location results for the sample fault at the 
line section C-T are shown. The specifications of the fault are: 
a-g fault, RF=10 Ω, dC=0.2 p.u. 
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Fig. 4. to be continued 
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Fig. 4. The fault location example – results of the subroutine 
SUB_C: a) synchronisation angle δΑ, b) two solutions for the 
synchronisation angle δC (for the distributed parameter line 

model), c) unique solution for the angle δC (for the lumped line 
model), d) distance to fault dC 

 
The current and voltage signals from the line end A were 

intentionally delayed by a single sample, while the signals from 
the end C by three samples. Such delays for the applied 
sampling frequency of 1000 Hz correspond to the case of 
unsynchronised measurements with the synchronisation angles 
equal to: δA=18o, δC=54o. 

The synchronisation angle δΑ (11) is determined (Fig. 4a) 
with very small error (0.1o). Comparing two solutions of (2) for 
the synchronisation angle δC (Fig. 4b) with the unique solution 
(3) from Fig. 4c one selects: δC=53.97o as the valid solution. 
Taking it, an accurate fault location is obtained (Fig. 4d). 

Besides the presented example, an extensive evaluation study 
has been performed. Different specifications of faults have been 
considered in the study. For example, in the synthetic evaluation 
for the population of 108 fault cases: 
• 4 fault types (a-g, a-b, a-b-g, a-b-c), 
• faults on each of 3 sections (A-T, B-T, C-T), 
• faults at 9 locations (from 0.1 to 0.9 p.u.), 
the maximum error in fault distance calculation does not exceed 
0.2%. This is so since the distributed parameter line models 
were strictly taken into account for all line sections. Note: a fault 
resistance of 10 Ω for single phase faults and 1 Ω for inter-
phase faults was applied. 

The achieved accuracy is very high. Reliable selection of the 
valid results was obtained as well. When implementing this 
method to the real device (relay, fault recorder, or stand alone 
fault locator), also the errors caused by non-ideal transformation 
of instrument transformers have to be accounted for. 

 
6. Conclusions 

 
New fault location algorithm for three-terminal line, which 

utilises unsynchronised measurements of three-end currents and 
voltages, has been derived. The algorithm consists of three 
subroutines and the procedure for selecting the valid result. The 
distributed parameter line model is taken strictly into account for 
deriving the algorithm subroutines. The calculations are simple 
and do not involve iterative calculations, as it was the case for 
the previous approaches. 

There is a need for selecting the valid result, which is 
consistent with the actual fault. The selection indexes were used 
for that. 

The presented results of the ATP-EMTP evaluation prove the 
validity of the derived algorithm. The obtained accuracy of fault 
location is comparable with that achieved when using 
synchronised measurements. 
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