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Abstract— Incorporating subchannel grouping, space-
frequency coding for transmit diversity orthogonal frequency
division multiplexing (OFDM) systems has been proposed recently
to achieve maximum diversity gain. Focusing on space-frequency
transmit diversity OFDM transmission through frequency selec-
tive channels, this paper proposes a computationally efficient,
non-data-aided maximum a posteriori(MAP) channel estimation
algorithm. The algorithm requires a convenient representation
of the discrete multipath fading channel based on the Karhunen-
Loeve orthogonal expansion and estimates the complex channel
parameters of each subcarriers iteratively using the Expectation
Maximization(EM) method, which converges to the true MAP
estimation of the unknown channel. An analytical expression
is derived for the Modified Cramer-Rao lower bound of the
proposed MAP channel estimator.

I. I NTRODUCTION

The overwhelming growth of broadband wireless services
usage together with the scarcity of bandwidth resources, moti-
vate intense focus of research toward developing efficient cod-
ing and modulation schemes that improve the quality and band-
width efficiency of wireless systems. One approach that shows
real promise to overcome the limitations imposed by fading
channel, and provide reliable transmission and high spectrum
efficiency is to combine two powerful technologies in the phys-
ical layer: space-time coding (STC) and OFDM modulation
[1],[2].

STC has been proved effective in combating fading and in-
creasing channel capacity without necessarily sacrificing band-
width efficiency [3],[4],[5]. There is in fact a diversity gain
that results from multiple paths between base station and user
terminal, and a coding gain that results from how symbols are
correlated across transmit antennas. Unfortunately, most ex-
isting space-time coding schemes have been developed for flat
fading channels initially. Therefore, their successful implemen-
tation over broad-band frequency selective channel requires the
development of sophisticated signal processing algorithms for
channel estimation, and joint equalization/decoding. This task
is quite challenging with multiple transmit antennas due to the
long delay spread of broad-band channels, which increases the
number of channel parameters to be estimated and the number
of states in joint equalization/decoding. This, in turn, places
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significant additional computational load which motivates a
more practical reduced-complexity space-time coded OFDM
(ST-OFDM) structure [1]. OFDM is chosen over a single-
carrier solution due to lower complexity of equalizers for long
delay spread channels [6]. In OFDM, a broadband signal is bro-
ken down into multiple narrowband carriers, where each carrier
is more robust to multipath. OFDM can be implemented ef-
ficiently by using fast Fourier transforms (FFTs) at the trans-
mitter and receiver. At the receiver, FFT reduces the channel
response into a multiplication constant on each tone. The com-
bined application of OFDM modulation and space-time coding
allows us to avoid the complexity of space-time equalizers and
therefore yields a unique reduced-complexity physical layer ca-
pabilities [1].

The use of OFDM in transmitter diversity systems also offers
the possibility of coding in a form of space-frequency OFDM
(SF-OFDM) [3]. In [2], it was shown that the SF-OFDM system
has the same performance as a previously reported ST-OFDM
scheme in slow fading environments but shows better perfor-
mance in the more difficult fast fading environments. This pa-
per therefore focuses on channel estimation approach for SF-
OFDM systems. In this paper, a computationally efficient,
non-data-aided maximum a posteriori(MAP) channel estima-
tion algorithm is proposed for orthogonal frequency division
multiplexing (OFDM) systems with transmitter diversity using
space-frequency block coding. In the development of the MAP
channel estimation algorithm, the channel taps are assumed to
be random processes. Moreover, orthogonal series expansion
based on the Karhunen-Loeve expansion of a random process
is applied which makes the expansion coefficient r.v.’s uncorre-
lated. Thus, the algorithm estimates the uncorrelated complex
expansion coefficients iteratively using the Expectation Maxi-
mization(EM) method.

II. A LAMOUTI ’ S TRANSMIT DIVERSITY SCHEME FOR

OFDM SYSTEMS

In this paper, we consider a transmitter diversity scheme in
conjunction with OFDM modulation shown in Fig. 1. Many
transmit diversity schemes have been proposed in the literature
offering different complexity vs. performance trade-offs. We
choose Alamouti’s space-time block code (STBC) scheme due
to its simple implementation and good performance. The Alam-
outi’s scheme imposes an orthogonal spatio-temporal structure



on the transmitted symbols that guarantees full (i.e., order 2)
spatial diversity. In addition to spatial, to realize multipath di-
versity gains over frequency selective channels, the Alamouti
STBC scheme is implemented at a block level in frequency
domain. Fig. 1. depicts the Alamouti STBC system with2
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Fig. 1. Space-Time OFDM

transmit antennas and1 receive antenna, where utilizingNc

subcarriers is employed per antenna transmissions. The fad-
ing channel between theµth transmit antenna and the receive
antenna is assumed to be frequency selective but time-flat and
is described by the discrete-time baseband equivalent impulse
responsehµ(n) = [hµ,0(n), · · · , hµ,L(n)], with L standing for
the channel order.

Let Ak,µ(n) be the data symbol transmitted on thekth sub-
carrier frequency (frequency bin) from theµth transmit antenna
during thenth OFDM symbol interval. As defined, the symbols
{Ak,µ(n), µ = 1, 2, k = 0, 1, · · · , Nc − 1} are transmitted in
parallel onNc subcarriers by2 transmit antennas.

At the receiver, the antenna receives a noisy superposition
of the multiantenna transmissions through the fading channels.
We assume ideal carrier synchronization, timing and perfect
symbol-rate sampling. We also assume that a cyclic prefix (CP)
of lengthL has been inserted per OFDM symbol and is removed
at the receiver end. After FFT processing, the received data
sampleRk(n) at the receive antenna can be expressed as

Rk(n) =
2∑

µ=1

Hk,µ(n)Ak,µ(n) + Wk(n) (1)

whereHk,µ(n) is the subchannel gain from theµth transmit
antenna to the receive antenna evaluated at thekth subcarier

Hk,µ(n) =
L∑

l=0

hµ,l(n)e−j(2πk/Nc)l (2)

and the additive noiseWk(n) is circularly symmetric, zero-
mean, complex Gaussian with varianceσ2 that is also assumed
to be statistically independent with respect ton andk.

Equation (1) represents a general model for transmit diver-
sity OFDM systems. However, the generation ofAk,µ(n) from
the information symbols lead to corresponding transmit diver-
sity OFDM scheme. In our system, the generation ofAk,µ(n)

is performed via space-frequency coding, which was first sug-
gested in [3].

A. Space-Frequency Coding

We consider a strategy which basically consists of coding
across OFDM tones and is therefore called space-frequency
coding. Since an OFDM communication system can be
considered as a block transmission system, the serial in-
put data symbols is converted into a data vectorA(n) =
[A0(n), A1(n) · · · , ANc−1(n)]T . The space-frequency encoder
then codes data symbol vector into two vectorsA1(n) and
A2(n) as

A1(n) = [A0(n),−A∗1(n), · · · , ANc−2(n),−A∗Nc−1(n)]T

A2(n) = [A1(n),−A∗0(n), · · ·ANc−1(n),−A∗Nc−2(n)]T (3)

In space-frequency Alamouti scheme,A1(n) and A2(n) are
transmitted through the first and second antenna element re-
spectively during the block instantn. The operations of the
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Fig. 2. Space Time OFDM

space-frequency encoder can best be described in terms of even
and odd polyphase component vectors. If we denote even and
odd component vectors ofA(n) as

Ae(n) = [A0(n), A2(n), · · · , ANc−4(n), ANc−2(n)]T

Ao(n) = [A1(n), A3(n), · · · , ANc−3(n), ANc−1(n)]T (4)

then the space-frequency block code transmission matrix is

space →
frequency ↓

[
Ae(n) Ao(n)
−A∗

o(n) A∗
e(n)

]
.

(5)

B. Vector Signal Model

If the received signal sequence is parsed in even and odd
blocks ofNc tones,Re(n) = [R0(n), R2(n), · · · , RNc−2(n)]T

and Ro(n) = [R1(n), R3(n), · · · , RNc−1(n)]T , the received
signal can be expressed in vector form as

Re(n) = Ae(n)H1,e +Ao(n)H2,e + W e(n) (6)

Ro(n) = −A∗o(n)H1,o +A∗e(n)H2,o + W o(n)



whereAe(n) andAo(n) are anNc/2 × Nc/2 diagonal ma-
trices withdiagAe(n) = Ae anddiagAo(n) = Ao respec-
tively. Hµ,e(n) = [H0,µ(n),H2,µ(n), · · · , HNc−2,µ(n)]T and
Hµ,o(n) = [H0,µ(n),H1,µ(n) · · · ,HNc−1,µ(n)]T be Nc/2
length vectors denoting the even and odd component vectors
of the channel attenuations between thelth transmitter and the
receiver. Finally,W e(n) andW o(n) are anNc/2 × 1 zero-
mean, i.i.d. Gaussian vectors that model additive noise in the
Nc tones.

Equation (6) shows that the information symbolsAe(n) and
Ao(n) are transmitted twice in two consecutive adjacent sub-
channel groups through two different channels. In order to es-
timate the channels and decodeA with the embedded diversity
gain through the repeated transmission, for eachn, we define,
R = [RT

e (n) RT
o (n)]T and write (6) into a matrix form1

R = A H + W (7)

whereH = [HT
1,e HT

2,e]
T , W = [W T

e (n) W T
o (n)]T and

A =
[ Ae(n) Ao(n)
−A∗o(n) A∗e(n)

]
. (8)

Obviously, channel estimation is very essential for decoding
space-frequency codes. In the absence of channel state infor-
mation, decoder must estimate the channel states and there has
been extensive affords in the direction of channel parameter es-
timation. In this paper a novel channel estimation algorithm is
presented by representing the discrete multipath channel based
on the Karhunen-Loeve orthogonal representation and make
use of the Expectation Maximization technique.

C. Karhunen-Loeve Representation of the Multipath Channel

The Karhunen-Loeve expansion methodology has been used
for efficient simulation of multipath fading environments [10].
An exception to this approach, we model discrete frequency
response vector of the wireless channel gain vector,Hµ,e(n)
based on the Karhunen-Loeve expansion [7], [9] since it makes
the expansion coefficient random variable’s uncorrelated. Thus,
correlated channel gains, in frequency, of a Gaussian process
can be expressed as

Hµ,e(n) = Ψ Gµ,e(n) (9)

whereGµ,e(n) is anNc/2×1 zero-mean i.i.d. Gaussian vector
whose covariance matrix isΛ = diag(λ0, λ1, · · · , λN−1). The
variances of the components ofGµ,e(n), arranged in decreas-
ing order, are equal to the eigenvaluesλj of the Karhunen Lo-
eve(KL) transformation with the orthogonalized eigenfunctions
Ψ = [ψ0, ψ1 · · · ,ψNc−1] of the discrete channel autocorre-
lation matrixrµ defined byrµ = E{Hµ(n)H†

µ(n)} which
satisfiesrµψj = λjψj where† denotes conjugate transpose.

1We assume that the complex channel gains between adjacent subcarriers are
approximately constant, i.e.,H1,e ≈H1,o andH2,e ≈H2,o.

III. EM-B ASED MAP CHANNEL ESTIMATION

In the MAP estimation approach we chooseĜ to maximize
the posterior PDF or

Ĝ = arg max
G

p(G|R) . (10)

To find MAP estimator, we must equivalently maximize
p(R|G)p(G). The prior PDF of the Karhunen-Loeve expan-
sion coefficient r.v.’s of the fading channel can be expressed as

p(G) ∼ exp(−G†Λ̃
−1

G) , (11)

whereG = [GT
1,e, G

T
2,e]

T andΛ̃ = diag(Λ Λ).
Given the transmitted signalsA as coded according to space-

frequency transmit diversity scheme and the discrete channel
orthonormal series expansion representation coefficientsG and
taking into account the independence of the noise components,
the conditional probability density function of the received sig-
nalR can be expressed as,

p(R|A, G) ∼ exp
[
−(R−AΨ̃G)†Σ̃

−1
(R−AΨ̃G)

]

(12)
whereΣ̃ = diag(Σ Σ) andΣ is an N × N diagonal ma-
trix with Σ[k, k] = σ2, for k = 0, 1, · · · , N − 1 and Ψ̃ =
diag(Ψ Ψ).

Direct maximization of (10) is mathematically intractable.
However, the solution can be obtained easily by means of the
iterative EM algorithm. This algorithm inductively reestimate
G so that a monotonic increase in thea posterioriconditional
pdf in (7) is guaranteed. The monotonic increase is realized via
the maximization of the auxiliary function

Q(G|G(i)) =
∑

A

p(R,A,G) log p(R,A,G(i)) (13)

whereG(i) is the estimation ofG at theith iteration.
Note thatp(R, A,G) ∼ p(R|A, G)p(G) since the data

symbolsA = {Ak,µ(n)} are assumed to be independent of
each other and identically distributed and the fact thatA is in-
dependent ofG. Therefore, (13) can be evaluated by means of
the expressions (10) and (12).

Given the received signalR, the EM algorithm starts with an
initial value G0 of the unknown channel parametersG. The
(i + 1)th estimate ofG is obtained by the maximization step
described byG(i+1) = arg maxG Q(G|G(i)).

A. Initialization

To choose good initial values for the unknown channel pa-
rameters, theNPS data symbols{Ak,µ(n)} for k ∈ SPS , in
each OFDM frame are generally used as pilot symbols known
by the receiver. To interpolate the channel estimates, initially,
there exist a minimum subcarrier spacing,lSC , between pilots
given by lSC < 1/τmax, whereτmax is the maximum delay
spread of the channel in the frequency domain. Therefore for



PSK modulated alphabet set, the initial value of the channel pa-
rametersG(0)

µ,e(n) µ = 1, 2, can be selected according to the
following data-aided scheme.

Let for µ = 1, 2, Hp
µ,e(n) denote anNPS × 1 vector with

Hp
µ,e(n)[k] = Hµ,k(n), resulting the channel gains at frequen-

ciesk ∈ SPS . Using2NPS pilot data symbols in the subcarrier
groups, the linear minimum mean-square error (LMMSE) esti-
mate ofĤ

p

µ,e(n) is given by [8]

Ĥ
p

µ,e(n) = Ψp∆pΨp†Ĥ
p

µ,e,ls(n) (14)

whereĤ
p

µ,e,ls(n) is the least-square estimate ofHp
µ,e(n) as de-

fined in ([8], page 932),Ψp is an unitary matrix containing the
eigenvectors of theNPS × NPS dimensional channel covari-
ance matrixrp

µ with rp
µ[k, k′] = rµ(k, k′), k, k′ ∈ SPS . ∆p

µ is
an diagonal matrix with entriesδk,µ = 1/(1+σ2/λk,µ) where,
λk,µ’s are the eigenvalues ofrpµ. Then, given2NPS channel

estimated sampleŝH
p

µ,e(n)[k], k ∈ SPS and µ = 1, 2, the
complete initial channel gainsH0

µ,e[k], k = 0, 1, · · · , Nc − 1
can easily be determined using an interpolation technique, i.e.,
Lagrange interpolation algorithm. Finally the initial values of
G(0)

µ,e(n) can be determined asG(0)
µ,e(n) = Ψ†H(0)

µ,e(n).
Taking the pilot symbols into account, after long algebraic

manipulations, the expression of the reestimateG(i+1)
µ,e (n) (µ =

1, 2) can be obtained as follows:

G
(i+1)
1,e = (I + ΣΛ−1)−1Ψ†

[
V

(i)
1 Re(n)− V

†(i)
2 Ro(n)

]

G
(i+1)
2,e = (I + ΣΛ−1)−1Ψ†

[
V

(i)
2 Re(n)− V

†(i)
1 Ro(n)

]
(15)

where (I + ΣΛ−1
µ )−1 = diag([(1 + σ2/λµ,0)−1,

· · · , (1 + σ2/λµ,Nc−2)−1]) andV
(i)
l = diag[v(i)

µ (0), v(i)
µ (2),

· · · , v(i)
µ (Nc − 2)] andv

(i)
µ (k), is given as

v
(i)
1 (k) =

{
Ak,1(n); if k ∈ SPS

Γ(i)
1 (k); if k ∈ Sc

PS

,

v
(i)
2 (k) =

{
Ak,2(n); if k ∈ SPS

Γ(i)
2 (k); if k ∈ Sc

PS

.

Here, fork ∈ Sc
PS , Γi

µ(k) represents thea posterioriproba-
bilities of the data symbols at theith iteration step and is defined
by

Γ(i)
µ (k)=

∑

a1,a2∈Sk

a∗µP (Ak,1(n) = a1, Ak,2(n) = a2|R, G(i))

(16)
andSk denotes alphabet set taken by thekth OFDM symbol.

B. Computation ofΓ(i)
µ (k) for QPSK Signaling

Let a = (±1 ± j) represents independent identically dis-
tributed data sequence modulating the QPSK carrier. Since for

µ = 1, 2 andk = 0, 1, · · · , Nc − 1, the data sequencesµ(k) is
independent,Γµ in (15) can be computed as follows:

Γ(i)
µ = tanh

[
2
σ2

Re(Z(i)
µ )

]
− j tanh

[
2
σ2

Im(Z(i)
µ )

]
(17)

where

Z
(i)
1 = Red

Ψ∗G∗(i)
1,e + Rod

Ψ∗G(i)
2,e

Z
(i)
2 = Red

Ψ∗G∗(i)
2,e −Rod

Ψ∗G(i)
1,e

andRed
= diagRe andRod

= diagRo.

IV. M ODIFIED-CRAMER-RAO BOUND(MCRB)

Let for µ = 1, 2 andm = 0, 1, · · · , Nc − 1, {Gµ(m)}’s be
the random parameters to be estimated. The(m,n)th element
of the Fisher information matrix is defined as

Jµ(m, n) = −E

[
∂2 ln p(R|A,Gµ)
∂Gµ(m)∂Gµ(n)

]
+E

[
∂2 ln p(Gµ)

∂Gµ(m)∂Gµ(n)

]

where the joint probability density functionsp(G) and
p(R|A,G) are given by (11) and (12), respectively and, expec-
tations should be taken overR,A andG . Performing the the
above derivatives and taking into fact that the eigenfunctions
ψm(k) are orthogonal, it follows that

Jµ(m,n) =
{

2( 1
λm

+ 1
σ2 ) if m = n

0 otherwise

Therefore
MCRB(Gµ(m)) = J−1(m,m)

whereσ2 is the noise variance andλm are the eigenvalues of
the discrete autocorrelation functionr(k, k′) of the multipath
fading channel.

V. SIMULATIONS

The simulation results for estimating the channel parameters
of OFDM systems with transmitter diversity via EM algorithm
are now presented. We consider the scheme with2 transmit and
1 receive antennas with the fading multipath channels between
transmitters and the receiver.Hµ(k)’s are with an exponen-
tially decaying power delay profileθ(τµ) = C exp(−τµ/τrms)
and delaysτµ that are uniformly and independently distributed
over the length of the cyclic prefix.C is a normalizing con-
stant. Note that the normalized discrete channel-correlations
for different subcarriers and blocks of this channel model were
presented in [3] as follows,

r1(k, k′) =
1− exp

[
−L

[
1

τrms
+ 2πj(k−k′)

N

)]

τrms(1− exp( −L
τrms

))
(

1
τrms

+ j2π(k−k′)
N

)

r(n, n′) = Jo(2π(n− n′fd)Ts)



whereJois the zeroth-order Bessel function of the first kind and
fd is the Doppler frequency .

The scenario for our ST-OFDM simulation study consists of
a wireless QPSK OFDM system operating with a 2MHz band-
width and is divided into 256 tones with a total period (Ts) of
136 µs,of which 8µs constitute the cyclix prefix (L=4). The
uncoded data rate 3.76 Mbit/s. we assume that the rms width
is τrms = 1 sample (2µs) for the power-delay profile and the
dopler frequencies arefd = 5, 10, 100, 200, 300Hz. For SF-
OFDM simulation scenario we fixed data that will be send and
by double the number of tones simulation is done.

Fig. 1 demonstrates the average MSE performance of the
EM-based channel estimation algorithm as a function of the av-
erage SNR and different doppler frequencies.The average SNR
was defined asE[|Hl(k)|2]E[|Al(k)|2/σ2. SinceE[|Al(k)|2 =
1 for QPSK signaling andE[|Hl(k)|2] = 1 for normalized fre-
quency response of the fading channel, the normalized SNR
simply becomes1/σ2, whereσ2 is the variance of the com-
plex white Gaussian noise entering the system. Average Mean-
square-error(MSE) is defined as the norm of the difference be-
tween the vectorsG = [GT

1,e, G
T
2,e] andĜmap, representing

the true and the estimated values of channel parameters, respec-
tively. Namely,

MSE =
1

2N
‖G− Ĝmap‖2.

Notice that the modified CRB provides a looser bound which
gets closer to MSE as SNR increases. In Figs. 3, the average
MSE performance of the EM-based algorithm are presented as
a function of the number of iterations forτrms = 4. It is con-
cluded from these curves that the MSE performance of the EM-
based algorithm converges within 2-5 iterations, depending on
the average SNR.

VI. CONCLUSIONS

In this paper, we proposed an optimum channel estimation
algorithm for SF OFDM systems. This algorithm performs an
iterative estimation of the channel according to the MAP cri-
terion, using the EM algorithm employing M-PSK modulation
scheme with additive Gaussian noise. The discrete multipath
channel was represented in terms of a Karhunen-Loeve expan-
sion which makes full use of frequency-domain correlation of
the frequency response of the time-varying dispersive fading
channel. we investigated estimation over fast frequency selec-
tive channels for SF-OFDM and ST-OFDM systems. We ob-
served that how doppler frequency effect our estimation.
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